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Abstract.

Let A be a symmetric matrix and let f be a smooth function defined on an interval
containing the spectrum of A. Generalizing a well-known result of Demko, Moss and
Smith on the decay of the inverse we show that when A is banded, the entries of f(A) are
bounded in an exponentially decaying manner away from the main diagonal. Bounds
obtained by representing the entries of f(A) in terms of Riemann–Stieltjes integrals
and by approximating such integrals by Gaussian quadrature rules are also considered.
Applications of these bounds to preconditioning are suggested and illustrated by a few
numerical examples.
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1 Introduction.

Many problems in numerical linear algebra can be formulated in terms of find-
ing suitable approximations to certain matrix functions. For example, finding
a good preconditioner to be used with an iterative method for the solution of
Ax = b can be viewed as the problem of approximating the matrix function
f(A) = A−1, subject to certain constraints that must be imposed in order for
the preconditioner to be useful in practice. Another important problem is the
approximation of the matrix exponential f(A) = e−tA, t ≥ t0, which arises in
the solution of semidiscretized parabolic equations. In other cases, it is necessary
to approximate scalar functions of matrices: see [3, 4] for bounds on the trace
of the inverse tr(A−1) and the determinant det(A).

Methods for deriving bounds and estimates for smooth matrix functions f(A)
where A is a symmetric matrix have been described in a series of papers by
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Golub and collaborators: see, e.g., [15, 22, 23, 24, 26, 28]. The approach in
these papers is based on the integral representation of bilinear expressions of the
type

uT f(A)v

where f is defined on an interval containing the spectrum of A and u, v are n–
vectors. Bounds and estimates on the bilinear form can be obtained by approx-
imating the integral with Gaussian quadrature rules. In turn, these quadrature
rules can be computed by means of the Lanczos process.

The choice f(λ) = λ−1, u = ei and v = ej corresponds to the (i, j) entry
of A−1. Hence, quadrature rules and the Lanczos process can be used to obtain
bounds and estimates on individual entries of the inverse [24]. In principle, these
estimates can be used to determine explicit approximate inverse preconditioners
for use with iterative methods. This is a possible application that has not been
previously considered.

When A is a symmetric positive definite (SPD) band matrix, a result of Demko,
Moss and Smith [18] states that the entries of A−1 are bounded in an exponen-
tially decaying manner away from the main diagonal. Decay is usually fast if
A is diagonally dominant. This result suggests that a good approximation to
A−1 with a banded sparsity pattern may be feasible. In this paper we show
that a similar exponential decay bound holds, more generally, for the entries of
f(A) when f is analytic and A is any symmetric band matrix. This means that
banded approximations to f(A) are justified in many cases.

This decay result, while interesting in itself, is qualitative in nature and pro-
vides bounds that are generally too pessimistic to be useful in practice. In
contrast, the bounds and estimates from quadrature rules can be quite accurate.
As we shall see, such bounds can be useful in the derivation of preconditioners.

The paper is organized as follows. The exponential decay bound for the entries
of analytic functions of band matrices is given in Section 2. In Section 3 we
summarize the results in [24] on the use of quadrature rules and the Lanczos
process for obtaining bounds on the entries of matrix functions. In Section 4 we
propose two sample applications to preconditioning, and in Section 5 we present
our conclusions.

This paper is based on the technical report [5], where a more self-contained
treatment and additional numerical examples are given.

2 Decay rates for the entries of band matrix functions.

In several applications it is important to know whether the entries of a matrix
function f(A) exhibit some kind of decay behavior away from the main diagonal,
and to be able to estimate the rate of decay. For instance, in preconditioning
[6, 12, 30] and in the study of the convergence of spline approximations [17]
it is useful to obtain information on the decay behavior for the entries of the
inverse. A well-known result due to Demko, Moss and Smith [18] states that if
A is a banded SPD matrix, the entries of A−1 are bounded in an exponentially
decaying manner along each row or column. The rate of decay is governed by
the bandwidth and by the extreme eigenvalues of A: decay is fast if the matrix
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is well-conditioned and has narrow bandwidth, otherwise it can be rather slow.
The proof in [18] is based on a result of Chebyshev on the best polynomial
approximation of f(λ) = λ−1. See [35] for an excellent survey.

In this section we prove that a similar result holds for a wide class of (analytic)
matrix functions. This generalization is obtained by applying a fundamental
result in classical approximation theory, due to S. N. Bernstein, on the best
polynomial approximation of analytic functions. Our method of proof closely
follows the one by Demko et al., with Bernstein’s Theorem playing the role of
Chebyshev’s result. We begin by recalling Bernstein’s Theorem. Our discussion
is based on [34].

Let Pk be the set of all polynomials with real coefficients and degree less than
or equal to k. For a continuous function F on [−1, 1], the best approximation
error is defined as

Ek(F ) = inf{||F − p||∞ : p ∈ Pk}
where

||F − p||∞ = max
−1≤x≤1

|F (x) − p(x)|.

Bernstein [7] investigated the asymptotic behavior of the quantity Ek(F ) for
a function F analytic on a domain which contains the interval [−1, 1]. His result
states that this error decays to zero exponentially as k →∞, and shows how to
estimate the decay rate.

If F is analytic on a simply connected open region of the complex plane con-
taining the interval [−1, 1], there exist ellipses with foci in −1 and 1 such that
F is analytic in their interiors. Let α > 1 and β > 0 be the half axes of such an
ellipse, α > β; from the identity

√
α2 − β2 = 1 we find that

α− β =
1

α+ β

and the ellipse is completely specified once the number χ = α + β is known,
hence we may denote it by Eχ. Furthermore, note that β is specified once α is,
because β =

√
α2 − 1.

Bernstein’s Theorem can be formulated as follows (see [34, p. 91] for a proof).
Theorem 2.1. Let the function F be analytic in the interior of the ellipse Eχ,

χ > 1, and continuous on Eχ. In addition, suppose F (z) is real for real z. Then

(2.1) Ek(F ) ≤ 2M(χ)
χk(χ− 1)

where
M(χ) = max

z∈Eχ
|F (z)|.

It is convenient to introduce now the concept of regularity ellipse of F, as in
[34]. It is the ellipse Eχ̄ where

χ̄ = χ̄(F ) = sup{χ : F is analytic in the interior of Eχ}.
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Evidently, it is important to study the behavior of the right-hand side of (2.1)
as χ varies between 1 and χ̄. In particular, we see that the decay rate may become
arbitrarily slow as χ → 1 (from the right). On the other hand, as χ increases,
so does the rate of decay, as long as the quantity M(χ) remains bounded.

Now we translate Bernstein’s Theorem in terms of matrices. Our treatment
closely follows [18]. Let m be a nonnegative, even integer. A symmetric matrix
B = (bij) is called m-banded if

bij = 0 when |i− j| > m

2
.

For example, a tridiagonal matrix is 2-banded.
Letting

K0 =
2χM(χ)
χ− 1

, q =
1
χ
< 1,

we can rewrite the error bound (4.1) as

(2.2) Ek(F ) ≤ K0q
k+1,

and we have the following exponentially decaying bound for the entries of F (B).
Theorem 2.2. Let B be symmetric, m-banded, and such that [−1, 1] is the

smallest interval containing σ(B), the spectrum of B. Let ρ = q
2
m and

K = max{K0, ||F (B)||2}

with F and K0 as above. Then we have

(2.3) |(F (B))ij | ≤ Kρ|i−j|.

Proof. Observe first that Bk is km-banded for k = 0, 1, . . . so that p(B) is
km-banded for all polynomials p ∈ Pk. From Bernstein’s Theorem we know that
there exists a sequence of polynomials pk of degree k which satisfies

||F − pk||∞ = Ek(F ) ≤ K0q
k+1.

We have

||F (B)− pk(B)||2 = max
x∈σ(B)

|F (x)− pk(x)| ≤ ||F − pk||∞ ≤ K0q
k+1.

For i 6= j write

|i− j| = km

2
+ l for l = 1, . . . ,

m

2
;

then we have that
2|i− j|
m

≤ k + 1

and hence, observing that (pk(B))ij = 0 for |i− j| > mk/2,

|(F (B))ij | = |(F (B))ij − (pk(B))ij | ≤ ||F (B)− pk(B)||2 ≤ K0ρ
|i−j|.
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Finally, if i = j then |(F (B))ii| ≤ ||F (B)||2 and therefore (2.3) holds for all i, j.

Let A be a symmetric matrix and let a = λmin(A) and b = λmax(A), so that
[a, b] is the smallest interval containing σ(A). If we introduce the linear affine
function

ψ : C→ C , ψ(λ) =
2λ− (a+ b)

b− a
then ψ([a, b]) = [−1, 1], so that the spectrum of the symmetric matrix

B = ψ(A) = 2
b−aA−

a+b
b−aI

is contained in [−1, 1]. Furthermore, given a function f analytic on a simply
connected region containing [a, b] and such that f(λ) is real when λ is real, then
the function F = f ◦ψ−1 satisfies the assumptions of Bernstein’s Theorem. Here

ψ−1 : C→ C , ψ−1(x) =
(b− a)x+ a+ b

2

is the inverse function of ψ. It is clear that the decay bound (2.3) for the entries
of F (B) leads to a similar bound for the entries of f(A).

For instance, in the special case where A is SPD and f(λ) = λ−
1
2 , we apply

Bernstein’s result to the function

F (z) =
1√

(b−a)
2 z + a+b

2

.

The regularity ellipse for this F is Eχ̄ where

χ̄ =
b + a

b − a +

√(
b+ a

b− a

)2

−1.

For 1 < χ < χ̄, the function F is analytic inside Eχ and continuous on Eχ. If we
let κ = b

a (the spectral condition number of A) we find that

χ̄ =
(
√
κ+ 1)2

κ− 1
.

From 1 < χ < χ̄ and recalling that q = 1
χ we get

(2.4)
κ− 1

(
√
κ+ 1)2

=
1
χ̄
< q < 1.

In this special case the constant M(χ) is easily determined. The function |F |
attains its maximum on the ellipse Eχ, where χ = α + β, at the point z = −α
on the real axis, so that
(2.5)

M(χ) = max
z∈Eχ

|F (z)| = |F (−α)| =
√

2√
(a− b)α+ a+ b

=
√

2√
(a−b)(χ2+1)

2χ + a+ b
.
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This constant can be very large for a near zero, as is the case if A is nearly
singular. Clearly, both α and χ approach 1 when a → 0+ and therefore the
denominator in (2.5) tends to zero, independent of the value of b.

From (2.1)–(2.5) one can see that the decay rate of the bound on the entries
of A−

1
2 is faster for well-conditioned A (κ ≈ 1), as for κ → 1+ we have 1

χ̄ → 0
and thus we can take a very small value for q in (2.2); furthermore, if a remains
bounded away from zero, we see that K0 remains bounded as κ→ 1+, and decay
is fast away from the main diagonal. Conversely, the same formulas show that
decay can be arbitrarily slow as the condition number of A increases to infinity,
as in this case q → 1− and K0 grows without bound. It is also clear from the
definition of ρ in Theorem 2.2 that decay is faster when the bandwidth of A is
narrow (small m).

The following two examples illustrate the decay in smooth functions of band
matrices. See [5] for additional examples.

Example 2.1. Let T4 := tridiag(−1, 4,−1). For n = 10 the upper triangular

part of T−
1
2

4 rounded to four places is

0.5129 0.0681 0.0136 0.0030 0.0007 0.0001 · · ·
0.5266 0.0711 0.0143 0.0032 0.0008 · · ·

0.5273 0.0713 0.0144 0.0032 · · ·
0.5273 0.0713 0.0144 · · ·

0.5273 0.0713 · · ·
0.5273 · · ·

. . . . . .


showing the rapid decay away from the main diagonal, as predicted by Theorem
2.2. Notice that T−

1
2

4 is nonnegative [39, 20].

Example 2.2. Let T2 := tridiag(−1, 2,−1). Consider f(T2) = cosT
1
2

2 , a
matrix function which arises in the numerical solution of partial differential
equations of hyperbolic type [19]. For n = 10, the upper triangular part is,
rounded to four digits:

0.1899 0.3516 0.0340 0.0012 0.0000 0.0000 · · ·
0.2239 0.3528 0.0340 0.0012 0.0000 · · ·

0.2239 0.3528 0.0340 0.0012 · · ·
0.2239 0.3528 0.0340 · · ·

0.2239 0.3528 · · ·
0.2239 · · ·

. . . . . .


.

Note the very fast (although nonmonotonic) decay away from the main diagonal.
This example shows that rapid decay of the entries of f(A) is possible even if A
is only weakly diagonally dominant.
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It is worthwhile stressing that because we are dealing here with matrices of
finite order n, the decay rate may be so slow that no entry in f(A) is actually
small, particularly in the ill-conditioned case. Only in the infinite-dimensional
case (i.e., when A represents a bounded linear operator on `2; see [18]) the entries
of f(A) are guaranteed to become arbitrarily small away from the main diagonal.
A typical example [1] is provided by the matrix

1 −1
−1 2 −1

−1 2 −1
. . . . . . . . .

. . . . . . . . .
−1 2 −1

−1 2


which corresponds to a three-point formula discretization of the second derivative
operator on an interval, with a Neumann boundary condition at one endpoint
and a Dirichlet boundary condition at the other endpoint. The inverse of this
matrix is 

n n− 1 n− 2 · · · 2 1
n− 1 n− 1 n− 2 · · · 2 1
n− 2 n− 2 n− 2 · · · 2 1

...
...

...
. . .

...
...

2 2 2 · · · 2 1
1 1 1 · · · 1 1


where n is the order of the matrix. No actual decay to zero is present. Thus, it
is necessary to use some caution when applying Theorem 2.2.

On the other hand, the decay rate estimates obtained in Theorem 2.2 are in
general rather pessimistic, as it is clear from the proof of that result. Tighter
bounds can be obtained for less general classes of functions or for special cases.
Consider, for instance, the function f(λ) = λ−1. In this case the exact values of
the constants in (2.3) can be given explicitly, thanks to the already mentioned
result of Chebyshev on the best approximation of λ−1 (see [18]). In contrast, with
Theorem 2.2 we can only give bounds on K and ρ. Likewise, sharper estimates
can be found for λ−

1
2 or e−λ, but our main objective in this section was simply

to show that exponentially decaying bounds are not restricted to A−1. In view
of our result, it appears justified to seek banded approximations for matrices of
the form f(A) when A is symmetric and banded and f is analytic. We also note
that some kind of decay away from the main diagonal can be proved to hold for
more general sparse matrices and less regular functions, but an investigation of
these issues is outside the scope of the present paper.

3 Explicit bounds from Gauss-type quadrature rules.

In [24], the general problem of finding bounds for

uT f(A)v,
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where u and v are given vectors and f is a smooth (possibly C∞) function on
an interval containing the spectrum of the symmetric matrix A, was considered.
In order to make the present paper self-contained, we summarize the approach
in [24] below.

Let A = QΛQT be the eigendecomposition of A, where Q is an orthogonal
n × n matrix and Λ is a diagonal matrix consisting of the eigenvalues λi of A
which we order as

λ1 ≤ λ2 ≤ · · · ≤ λn.

Let a = λ1 and b = λn. For a smooth function f defined on a set containing the
closed, bounded interval a ≤ x ≤ b, define a matrix f(A) by letting

f(A) = Qf(Λ)QT

where

f(Λ) =


f(λ1) 0 · · · 0

0 f(λ2) · · · 0
...

...
. . .

...
0 0 · · · f(λn)

 .

For each u, v ∈ Rn we have

uTf(A)v = uTQf(Λ)QTv = αT f(Λ)β =
n∑
i=1

f(λi)αiβi

where α = QTu and β = QT v. This sum can be interpreted as a Riemann–
Stieltjes integral

(3.1) uTf(A)v = I[f ] =

b∫
a

f(λ)dµ(λ),

where µ is the piecewise constant function

µ(λ) =


0 if λ < a = λ1,∑i

j=1 αjβj if λi ≤ λ < λi+1,∑n
j=1 αjβj if b = λn ≤ λ.

Notice that for u = v the function µ(λ) is nonnegative and nondecreasing: it
is a staircase function with steps of size α2

i at the eigenvalues λi.
Setting u = ei, v = ej in (3.1) we obtain an integral formula for the (i, j) entry

of the matrix f(A). Of special interest for applications are the cases f(A) =
A−1 and f(A) = A−2, which have already been discussed in several papers
(see [16, 24, 25, 26, 28]). However, applications to preconditioning were not
investigated in those papers.

Formula (3.1) suggests that we use Gauss-type quadrature rules to obtain
estimates for the quadratic form uT f(A)u. The general Gaus-type quadrature
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rule for the Riemann–Stieltjes integral is

(3.2)

b∫
a

f(λ)dµ(λ) =
N∑
j=1

wjf(tj) +
M∑
k=1

vkf(zk) +R[f ]

where the weights {wj}Nj=1, {vk}Mk=1 and the nodes {tj}Nj=1 are unknowns and
the nodes {zk}Mk=1 are prescribed. For M = 0, formula (3.2) reduces to the
Gauss rule with no prescribed nodes. For M = 1 and z1 = a or z1 = b we
have the Gauss–Radau formula. If M = 2 and z1 = a, z2 = b we obtain the
Gauss–Lobatto formula. In (3.2), R[f ] denotes the error, for which a general
formula is known and can be found in [14, 24].

In particular, the Gauss quadrature rule can be written as

I[f ] =

b∫
a

f(λ)dµ(λ) =
N∑
j=1

wGj f(tGj ) +RG[f ].

Recall that the nodes and weights in (3.2) are closely related to the sequence
of polynomials {pk(λ)}∞k=0 that are orthonormal with respect to µ:

b∫
a

pi(λ)pj(λ)dµ(λ) =
{

1 if i = j,
0 otherwise.

These polynomials satisfy a three-term recurrence relation

γjpj(λ) = (λ− ωj)pj−1(λ)− γj−1pj−2(λ), j ≥ 2,

p−1(λ) ≡ 0, p0(λ) ≡ 1.

Each pk is of exact degree k, its roots are distinct, real and lie in the interval
[a, b]. The recurrence relation above can be rewritten in matrix form as

λp(λ) = JNp(λ) + γNpN (λ)eN ,

where
p(λ)T = [p0(λ) p1(λ) · · · pN−1(λ)],

eTN = (0 0 · · · 0 1),

JN =


ω1 γ1

γ1 ω2 γ2

. . . . . . . . .
γN−2 ωN−1 γN−1

γN−1 ωN

 .

The eigenvalues of the symmetric tridiagonal matrix JN , which are the zeroes
of pN , are the nodes of the Gauss quadrature rule. As shown in [29], the weights
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are the squares of the first component of the normalized eigenvectors of JN .
The coefficients ωi, γi can be obtained by the Lanczos process [24, 29]. It is
important to emphasize that in some cases there is actually no need to compute
the eigenvalues and eigenvectors of the tridiagonal matrix. Consider for example
the Gauss rule; then it can be easily shown [23, 24] that

(3.3)
N∑
j=1

wGj f(tGj ) = eT1 f(JN )e1.

It follows that there is no need to compute the eigenvalues and eigenvectors
of JN , provided that the (1,1) entry in f(JN ) is easily computable. Similar
statements hold for the Gauss–Radau and Gauss–Lobatto rules.

Thus, the evaluation of Gauss-type quadrature rules is reduced to the compu-
tation of orthonormal polynomials via a three-term recurrence or, equivalently,
to finding a tridiagonal matrix and certain spectral information about it. A
natural way to do this is to use the Lanczos process.

Bounds or estimates for the bilinear form uT f(A)v with v 6= u can be ob-
tained either by the unsymmetric Lanczos process for the evaluation of Gaus-
type quadrature rules with respect to signed measures [24], or else using the
polarization identity

uT f(A)v = 1
4

[
pT f(A)p− qT f(A)q

]
, p = u+ v, q = u− v,

which can be used to express a bilinear form in terms of the corresponding
quadratic form.

Suppose now that we want to estimate the (i, i) entry of matrix f(A), where
f is a smooth function such that f (2j)(x) > 0 for all j ≥ 0 and for all x ∈ (a, b).
Then the Gauss rule gives a lower bound [24], which can be computed with
the Lanczos algorithm with x0 = ei. Taking Nit steps in the Lanczos algorithm
corresponds to computing the Gauss rule with N = Nit nodes. As Nit increases,
the bound approaches the exact value of eTi f(A)ei. If f is a polynomial of degree
2N − 1 or less, at most Nit = N steps are required to find the exact value
(in exact arithmetic). We recall here that any matrix function f(A) can be
expressed as a polynomial in A of degree ≤ n − 1. In exact arithmetic, the
number of Lanczos steps actually needed to compute uT f(A)u is determined by
the degree of the minimal polynomial of A. For symmetric A, this equals the
number of distinct eigenvalues.

As shown in [24], similar results hold for the Gauss–Radau and Gauss–Lobatto
rules. The Gauss–Radau rules give lower and upper bounds which can be com-
puted by means of the Lanczos process; the bounds become increasingly tighter
as the iteration proceeds. The same is true for the upper bound from the Gauss–
Lobatto rule. Notice that N Lanczos steps correspond to N nodes for the Gauss–
Radau rule and to N − 1 nodes for the Gauss–Lobatto rule.

Explicit bounds for the entries of A−1 can be obtained by taking a single
Lanczos step. Such bounds were obtained in [24] and are recalled below.
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Theorem 3.1. Let s2
i :=

∑
j 6=i a

2
ji. Then

(3.4)

∑
k 6=i
∑

l 6=i akiaklali

aii
∑

k 6=i
∑
l 6=i akiaklali − (

∑
k 6=i a

2
ki)2

≤ (A−1)ii,

(3.5)
aii − b + s2

i /b

a2
ii − aiib+ s2

i

≤ (A−1)ii ≤
aii − a+ s2

i /a

a2
ii − aiia+ s2

i

,

(3.6) (A−1)ii ≤
a+ b− aii

ab
.

Notice that the lower bound (3.4) from the Gauss rule does not depend on
a and b. Also, notice that for a matrix A with a clustered spectrum the lower
and upper bounds (3.5) from the Gauss–Radau rules are tight. Conversely, the
bounds may be inaccurate if a and b are far apart from each other. However, if
A has only two distinct eigenvalues a and b, all the bounds in Theorem 3.1 give
the exact value of (A−1)ii. Indeed, since in this case the minimal polynomial
of A has second degree, A−1 can be expressed as a first degree polynomial in A
and the Gaussian quadrature rules with N = 1 are exact.

Estimates for the off-diagonal entries ofA−1 can be found using the unsymmet-
ric Lanczos method with the Gauss–Radau rules. The results are summarized
in the following theorem from [24].

Theorem 3.2. Let

tij :=
∑
k 6=i

aki(aki + akj)− aij(aij + aii).

For (A−1)ij + (A−1)ii we have the two following estimates:

aii + aij − a+ tij/a

(aii + aij)2 − a(aii + aij) + tij
,

aii + aij − b+ tij/b

(aii + aij)2 − b(aii + aij) + tij
.

If tij ≥ 0, the first expression gives an upper bound and the second one a lower
bound.

Subtracting the bounds for the diagonal entries from the estimates in the
previous theorem we obtain estimates for the off-diagonal entries. Notice that the
same bounds as in Theorems 3.1–3.2 have been obtained with different methods
in [36]. We also mention here that bounds for the entries of the inverse of
a nonsymmetric matrix A can be obtained by computing bounds for bilinear
expressions of the form eTi (ATA)−1v where v = AT ej ; see [3].

We now turn to approximating the entries of f(A), where f denotes any suf-
ficiently smooth function on an interval containing the eigenvalues of A. These
estimates actually provide lower and upper bounds if f is strictly completely
monotonic on an open interval containing the spectrum of A. Recall that f is
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strictly completely monotonic on an interval I if f (2j)(x) > 0 for all x ∈ I and
all j ≥ 0, and f (2j+1)(x) < 0 for all x ∈ I and all j ≥ 0; see [20, 39]. The
generalization is straightforward. As before, the symmetric Lanczos process can
be used to compute bounds for the diagonal entries fii := (f(A))ii, whereas the
unsymmetric Lanczos process gives estimates for fij := (f(A))ij with i 6= j in
the form of bounds for fij + fii.

We omit the details of the computations, which run as in the case of A−1.
The only difference is that it is now required to compute the (1, 1) entry of a
function of a 2 × 2 matrix. This entry can be computed numerically without
difficulty. Here we derive explicit expressions (not found in [24]) with the help
of the Lagrange interpolation formula for the evaluation of matrix functions (see
[21], Chapter 5): if G = (gij) is a 2 × 2 matrix with distinct eigenvalues µ1, µ2

then

f(G) =
f(µ1)
µ1 − µ2

(G− µ2I2) +
f(µ2)
µ2 − µ1

(G− µ1I2).

It follows that

(3.7) (f(G))11 =
g11[f(µ1)− f(µ2)] + µ1f(µ2)− µ2f(µ1)

µ1 − µ2
.

Assume now that f is strictly completely monotonic. For the Gauss rule,
formulas (3.3) and (3.7) applied to the matrix

G = J2 =
(
ω1 γ1

γ1 ω2

)
yield the lower bound

(3.8)
a11[f(µ1)− f(µ2)] + µ1f(µ2)− µ2f(µ1)

µ1 − µ2
≤ fii

where

µ1 = 1
2

[
ω1 + ω2 − δ

]
, µ2 = 1

2

[
ω1 + ω2 + δ

]
, δ =

√
(ω1 − ω2)2 + 4γ2

1

are the eigenvalues of J2. Here

ω1 = aii, γ2
1 =

∑
j 6=i

a2
ji, ω2 =

1
γ2

1

∑
k 6=i

∑
l 6=i

akiaklali.

Again, this lower bound does not depend on a and b.
For the Gauss–Radau and Gauss–Lobatto rules the bounds are given by similar

expressions. To simplify the formulas we introduce the function

φ(µ1, µ2) =
ω1[f(µ1)− f(µ2)] + µ1f(µ2)− µ2f(µ1)

µ1 − µ2
.

Then we can reformulate (3.8) as

φ(µ1, µ2) ≤ fii
where µ1 and µ2 are the eigenvalues of J2 as expressed above. The bounds from
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the Gauss–Radau rules can be written as

(3.9) φ
(
b, ω1 +

γ2
1

ω1 − b
)
≤ fii ≤ φ

(
a, ω1 +

γ2
1

ω1 − a
)
.

Again, notice that for a well-conditioned matrix A for which b
a ≈ 1 the lower

and upper bounds (3.9) from the Gauss–Radau rules are tight. On the other
hand, we cannot expect the bounds to be accurate if A is ill-conditioned.

Finally, the Gauss–Lobatto rule yields the upper bound

fii ≤ φ(a, b).

In order to estimate the off-diagonal entries of f(A) we can use the unsym-
metric Lanczos algorithm to obtain bounds on fii + fij . We derive these bounds
only for the Gauss–Radau rule. Notice that it is now required to find the (1, 1)
entry of f(J2) where now

J2 =
(
ω1 γ1

β1 ω2

)
is the nonsymmetric matrix arising after the first step of the unsymmetric Lanc-
zos process [24]. Fortunately, the Lagrange interpolation formula is not restricted
to symmetric matrices and it can be used in this context as well. Let γ1β1 = tij
be as in Theorem 3.2. If γ1β1 ≥ 0, the Gauss–Radau bounds are

(3.10) φ
(
b, ω1 +

γ1β1

ω1 − b
)
≤ fii + fij ≤ φ

(
a, ω1 +

γ1β1

ω1 − a
)
.

Estimates for fij can be obtained subtracting the Gauss–Radau bounds for fii.
The Gauss and Gauss–Lobatto rules can be used to derive analogous estimates.

With the exception of the lower bounds from the Gauss rule, all the results
in this section assume knowledge of the extremal eigenvalues a and b of A. In
practice, however, these values can be replaced with estimates which could be
obtained with a few iterations of Lanczos or with the Gerschgorin circles; see
[24]. We mention here that finite precision analyses of the Lanczos process for
the evaluation of quadrature rules have been worked out, for example, in [26]
and [31].

The next two examples illustrate the use of Gauss rules for the approximation
of the entries of matrix functions. Other examples can be found in [24] and [5].

Example 3.1. Consider the matrix T4 of Example 2.1. We use the Gauss
rule to compute an approximation to T−

1
2

4 . Because of the rapid decay in T−
1
2

4 ,
we limit ourselves to a tridiagonal approximation. The upper triangular part of
the approximation CG from the Gauss bounds is, rounded to four places:

0.5123 0.0651
0.5258 0.0679

0.5258 0.0679
0.5258 0.0679

0.5258 0.0679
0.5258 · · ·

. . .
. . .


.
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As a way to measure the quality of this approximation we computed the eigen-
values of CGT4CG:

{0.8628, 0.9123, 0.9792, 0.9993, 1.0290, 1.0290, 1.0691, 1.0691, 1.1015, 1.1015}

for a condition number κ(CGT4CG) ≈ 1.2766.

Example 3.2. Consider f(T2) = cosT
1
2

2 , cf. Example 2.2. The upper trian-
gular part of the tridiagonal approximation from the Gauss rules is

0.1899 0.3504
0.2238 0.3516

0.2238 0.3516
0.2238 0.3516

0.2238 0.3516
0.2238 · · ·

. . . . . .


.

This example shows that excellent approximations can be obtained even for
functions of matrices that are not strictly diagonally dominant.

We conclude this section with some comments on the computation of estimates
from additional Lanczos steps. At the (k − 1)-th step of the Lanczos process,
it is necessary to compute the (1, 1) entry of f(Jk) where Jk is a tridiagonal
matrix of order k. When f(λ) = λ−1, the Sherman–Morrison formula (see [27])
can be used to compute the (1, 1) element of J−1

k incrementally in the course
of the Lanczos process at the cost of very few additional operations; see [24,
Theorem 5.3]. In particular, it is not necessary to compute the eigenvalues of
Jk. For more general functions f , however, there is no analogous of the Sherman–
Morrison formula. The Lagrange interpolation formula can be used to evaluate
the (1, 1) entry of f(Jk), but this requires computing the eigenvalues of Jk. The
cost of this procedure grows rapidly with k. However, for the kind of applications
considered here, a small value of k will generally suffice.

4 Applications to preconditioning.

In this section we discuss two applications of the previous results to precondi-
tioning. We consider the construction of approximate inverses for use in block in-
complete factorizations, and an inexpensive approximate inverse preconditioner
for the conjugate gradient method applied to Toeplitz matrices. Other possible
applications are suggested in [5].

4.1 Approximate inverses in block incomplete factorizations.

The construction of approximate inverses for use as parallel preconditioners
has attracted considerable interest in recent years [1, 6, 11, 30, 32, 37]. Sparse ap-
proximate inverses can be used as preconditioners directly applied to the global
system Ax = b (one-level approach), or else in the context of block incomplete
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factorizations, approximate Schur complement methods, and other multilevel
preconditioning schemes; see, e.g., [1, 2, 12, 27, 33]. In this subsection we focus
on the construction of block incomplete Cholesky factorization precondition-
ers for block tridiagonal matrices of the type arising in the discretization of
self-adjoint elliptic partial differential equations on plane regions. This type of
preconditioner has been studied in [12] (see also [1, 2, 13] and [33]). The reader
is referred to these works for details.

Consider a block tridiagonal SPD matrix

A =



D1 AT2
A2 D2 AT3

A3 D3 AT4
. . . . . . . . .

. . .
. . .

. . .
Ap−1 Dp−1 ATp

Ap Dp


.

We focus our attention on the case where the diagonal blocks Di are tridiagonal,
strictly diagonally dominant M-matrices and the off-diagonal blocks Ai are non-
positive diagonal matrices. The most crucial aspect in the construction of block
incomplete Cholesky preconditioners for A is the approximation of the inverse
of diagonally dominant tridiagonal matrices. This approximation arises when
forming pivot blocks (approximate Schur complements) of the form

∆i = Di −AiΛi−1A
T
i , 2 ≤ i ≤ p

where ∆1 = D1. Here Di is tridiagonal, Ai is diagonal, and Λi−1 is a sparse
approximation to ∆−1

i−1. Each ∆i is an approximation of the exact pivot block

Σi = Di −AiΣ−1
i−1A

T
i , 2 ≤ i ≤ p

where Σ1 = ∆1 = D1. In general ∆−1
i−1, and hence Di−Ai∆−1

i−1A
T
i for 2 ≤ i ≤ p,

will be completely dense. If a tridiagonal approximation Λi−1 ≈ ∆−1
i−1 is used,

each ∆i will be tridiagonal. Of course, we also assume that each Λi is symmetric.
The choice of the approximation is delicate, because it is necessary to ensure

that all the ∆i be positive definite; see [12]. A number of such approximations
have been considered in [12]. Here we propose to use the explicit bounds from
Theorems 3.1–3.2 to compute tridiagonal approximations Λi−1 ≈ ∆−1

i−1. An
important result (Theorem 3.2 in [2]) states that if A is an M-matrix, then each
∆i as defined above will also be an M-matrix—and therefore, SPD—provided
that each approximate inverse Λi−1 satisfies componentwise the inequality

(4.1) 0 ≤ Λi−1 ≤ ∆−1
i−1, 2 ≤ i ≤ p.

Approximations which satisfy conditions (4.1) can be obtained using the lower
bounds for the entries of the inverse given in Theorems 3.1–3.2.
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If the approximate inverses satisfy (4.1), it is not difficult to see that all the ∆i

will be strictly diagonally dominant. It was shown in [12] that all the pivot blocks
Σi in the block Cholesky factorization of A are strictly diagonally dominant.
Now, recall that Theorem 3.2 in [2] insures that both Σ2 = D2−A2D

−1
1 AT2 and

its tridiagonal approximation ∆2 = D2 − A2Λ1A
T
2 are M-matrices. Observing

that the last term in the right-hand side of the identity

D2 −A2Λ1A
T
2 = D2 − A2D

−1
1 AT2 +A2(D−1

1 − Λ1)AT2

is a nonnegative matrix, it follows that ∆2 is at least as strictly diagonally dom-
inant as Σ2, since the diagonal entries cannot be smaller and the off-diagonal
entries cannot increase in absolute value. A simple inductive argument can be
used to show that all the ∆i remain strictly diagonally dominant, and they
are at least as strictly diagonally dominant as the Σi. For Poisson’s equation
with Dirichlet boundary conditions discretized with a five-point finite difference
scheme on a uniform mesh, all the ∆i exhibit a good degree of diagonal domi-
nance and the entries in ∆−1

i decay rapidly away from the main diagonal. As we
shall see, the bounds in Section 3 can be used to compute accurate and inexpen-
sive tridiagonal approximations to the inverse of strictly diagonally dominant
matrices.

As a simple illustration we consider T4 = tridiag(−1, 4,−1), as in [12]. The
diagonal blocks of the five-point finite difference matrix discretization of the
Laplace operator on a rectangular region with Dirichlet boundary conditions (the
so-called model problem) are all equal to T4. Note that the spectral condition
number of T4 is ≤ 3 (independent of n). An approximate inverse of T4 is needed
in the initial step of an incomplete Cholesky factorization for the two-dimensional
model problem. The approximation Λ1 to ∆−1

1 = D−1
1 = T−1

4 obtained from
the Gauss rules satisfies the important property (4.1), with p = 2. As already
noted, this in turn guarantees that ∆2 = D2 − A2Λ1A

T
2 is a strictly diagonally

dominant M-matrix.
Thus, we are interested to see whether the Gauss rules give a good approxi-

mation to T−1
4 . For n = 10 the upper triangular part of T−1

4 rounded to four
places is

(4.2)



0.2679 0.0718 0.0192 0.0052 0.0014 0.0004 · · ·
0.2872 0.0770 0.0206 0.0055 0.0015 · · ·

0.2886 0.0773 0.0207 0.0056 · · ·
0.2887 0.0773 0.0207 · · ·

0.2887 0.0773 · · ·
0.2887 · · ·

. . . . . .


showing the rapid decay away from the main diagonal. Rounded to four places,
the eigenvalues of T4 are

{2.0810, 2.3175, 2.6903, 3.1692, 3.7154, 4.2846, 4.8308, 5.3097, 5.6825, 5.9190}
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for a spectral condition number κ ≈ 2.8443.
Now we use the techniques in Section 3 to approximate T−1

4 . We apply the
Gauss rule to get lower bounds for the diagonal entries and for the entries in the
first upper diagonal (j = i+ 1).

The upper triangular part of the approximate inverse MG ≈ T−1
4 computed

with the Gauss rules is, rounded to four places:

(4.3)



0.2667 0.0667
0.2857 0.0714

0.2857 0.0714 · · ·
0.2857 0.0714

0.2857 0.0714
0.2857 · · ·

. . . . . .


Comparing (4.2) and (4.3) we see that the Gauss rules result in an approximate
inverse which is in good agreement with the exact inverse. Rounded to four
places, the eigenvalues of the preconditioned matrix MGT4 are

{0.8762, 0.8770, 0.9285, 0.9298, 1.0000, 1.0000, 1.0702, 1.0702, 1.1230, 1.1238}

for a condition number κ(MGT4) ≈ 1.2825. Notice the clustering of the spectrum
around 1. This approximate inverse compares favorably with the best tridiagonal
approximations to T−1

4 obtained in [12, p. 231, Figure 1]. However, it is much
cheaper to compute, due to the fact that we are now using explicit formulas
(rather than algorithmic processes), to the sparsity and to the Toeplitz structure
of T4. Only four distinct numbers need to be computed in order to determine
an approximate inverse, and this is independent of the order n. For the general
(non-Toeplitz) case the cost grows linearly in the matrix dimension n, but the
computations can be performed concurrently for the entries lying on a same
diagonal. Note that, in general, the ∆i’s arising from block incomplete Cholesky
factorizations will not be Toeplitz for i ≥ 2.

Of course, the Gauss rules could be used to compute an inexpensive m-banded
approximation. For instance, if a five-diagonal (m = 4) approximation MG is
used, the condition number of MGT4 is ≈ 1.1252, and ≈ 1.0800 for a seven-
diagonal approximate inverse (m = 6). It should be emphasized that tridiagonal
approximations are known to be adequate in many cases, and that using addi-
tional diagonals, while producing better convergence rates for the preconditioned
conjugate gradient method, does not always result in reduced computational
time, due to the additional costs incurred [13]. However, the use of additional
diagonals may be beneficial for harder problems.

Analogous computations were performed with a matrix T4 of order n = 100.
The Gauss rules were used to compute a tridiagonal approximate inverse MG.
The condition number of the preconditioned matrix was found to be κ(MGT4) ≈
1.3326. The condition numbers for a five-diagonal and a seven-diagonal approx-
imation were, respectively, 1.1534 and 1.0927. Hence, the quality of the approx-
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imations does not significantly deteriorate with increasing problem size. This is
due to the fact that κ(T4) remains bounded independent of n.

Approximations to T−1
4 were computed also using the Gauss–Radau and Gauss–

Lobatto bounds. Because these rules use more information (in the form of esti-
mates for the extreme eigenvalues), one could expect better results than those
obtained using the Gauss rules. However, this is not always true. The banded
approximate inverses based on the Gauss–Radau and Gauss–Lobatto bounds
were often found to be slightly less accurate than those obtained from the Gauss
bounds. Furthermore, condition (4.1), which is very important in the context of
block incomplete factorizations, was not always fulfilled by these approximate
inverses.

4.2 A banded inverse preconditioner for Toeplitz matrices.

Here we propose using certain banded approximate inverses as preconditioners
for dense Toeplitz systems. Following Strang [38], we observe that in many
practical applications the main diagonal of a Toeplitz matrix A = (a|i−j|) and
its immediate neighbors are strongly dominant. The idea is then to consider, for
some k, the k-banded approximation A(k) to A defined by

(A(k))ij =
{
a|i−j| if |i− j| ≤ k/2,
0 otherwise.

Next, a banded approximate inverse of A(k) is computed using any of the meth-
ods described in this paper. If A is not too ill-conditioned, the explicit formulas
corresponding to a single Lanczos step should yield a reasonable approxima-
tion. For a fixed bandwidth, the cost of this construction is O(1). The resulting
banded approximate inverse is used as a preconditioner for the conjugate gradi-
ent method (PCG) applied to Ax = b. The cost of using this preconditioner at
each PCG iteration is only O(n), as compared to O(nlogn) for the widely used
circulant preconditioners. Note that the set-up costs for circulant precondition-
ers are also O(nlogn) if the circulant is inverted before iterating, as is customary.
Also note that the banded inverse preconditioner is trivially vectorized and par-
allelized. An alternative would be to use A(k) itself as preconditioner, but its
application would require a band matrix solve at each step of PCG rather than
a matrix–vector multiply, an operation that is not easily parallelized.

We illustrate this procedure on three simple examples from [38] and [9]. In
these examples the symmetric Toeplitz matrix A = (a|i−j|) is defined by ak =
1/(k + 1)p where 0 ≤ k ≤ n−1 and p takes the values 2, 1 and 1/2, respectively.
For each problem we consider the tridiagonal approximation A(2) to A formed
with the three central diagonals of A, and construct a tridiagonal approximation
to the inverse of A(2) using the Gauss rules. The resulting approximate inverse is
used as a preconditioner for the conjugate gradient method applied to the original
Toeplitz system Ax = b. For the sake of comparison, we also present results
obtained with T. Chan’s optimal circulant preconditioner [10]. The results for
different values of n are illustrated in Tables 4.1–4.3 in terms of PCG iterations
(above) and number of floating point operations (below, in millions). The latter
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includes the work required to form the preconditioner. The iteration was stopped
when the Euclidean norm of the initial residual had been reduced by at least
seven orders of magnitude. The initial guess used was x0 = 0, and the right-hand
side was a random vector with entries uniformly distributed over (0, 1).

Table 4.1: Number of iterations and work for the case p = 2.

Problem size n
Precond. 32 64 128 256 512 1024

None 12 13 14 14 14 15
.03 .12 .30 .67 1.5 3.5

Gauss 7 8 8 8 8 8
.02 .08 .17 .39 .86 1.9

Optimal 8 8 8 8 8 8
.05 .11 .25 .57 1.3 2.8

Table 4.2: Number of iterations and work for the case p = 1.

Problem size n
Precond. 32 64 128 256 512 1024

None 21 27 35 37 43 49
.05 .25 .75 1.8 4.6 11.4

Gauss 9 11 13 15 17 18
.02 .11 .28 .73 1.8 4.2

Optimal 9 8 9 9 10 10
.05 .11 .28 .64 1.6 3.5

Table 4.3: Number of iterations and work for the case p = 1/2.

Problem size n
Precond. 32 64 128 256 512 1024

None 30 37 49 67 82 101
.07 .35 1.0 3.2 8.7 23.5

Gauss 10 14 17 20 25 29
.02 .13 .37 .97 2.7 6.8

Optimal 9 9 9 10 10 11
.05 .12 .28 .70 1.6 3.8

It can be seen from these results that the Gauss rule preconditioner outper-
forms the optimal one for all values of n on the first of the three problems, for
which the decay away from the main diagonal is fastest. On the second problem
the optimal preconditioner is better for n ≥ 256, and on the third one already
for n ≥ 64. Given the fact that the Gauss rule preconditioner, by construc-
tion, uses information contained in the three central diagonals only, it is not
surprising that it works really well only for problems with rapid decay. On the
other hand the optimal preconditioner is computed using information from the
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entire matrix, and works almost equally well on all three problems. For the
Gauss rule preconditioner, the number of iterations can be further reduced by
increasing the bandwidth of the preconditioner. For the first of the three prob-
lems, for example, an approximate inverse with five nonzero diagonals results
in six PCG iterations, independent of problem size. Adding more diagonals or
using more than three diagonals of A to construct the preconditioner does not
lead to a noticeable improvement, and taking more than one Lanczos step is not
cost-effective.

5 Conclusions.

The entries of a matrix function f(A), where A is a banded symmetric matrix
and f is a smooth function, are bounded in an exponentially decaying manner
away from the main diagonal. When the actual decay is rapid, banded approx-
imations to f(A) are justified and may be useful in applications. Inexpensive
bounds and estimates can be obtained by means of Gauss quadrature rules com-
bined with one step of the Lanczos process.

In this paper we showed that banded approximations to the inverse can be used
for deriving preconditioners. The most natural application of the techniques
considered in this paper is perhaps the construction of approximate inverses in
the context of block incomplete factorizations. It was shown experimentally that
for strongly diagonally dominant matrices, the approximate inverses obtained
from the explicit bounds corresponding to one Lanczos step are very good and
inexpensive approximations to the true inverse.

These same principles can be used to construct banded approximate inverse
preconditioners for certain dense Toeplitz systems. If the entries in the coefficient
matrix decay fast enough away from the main diagonal, this preconditioning
strategy can be very effective. On the other hand, other methods should be
preferred for problems which do not exhibit rapid decay.

A further application that has not been considered here is the derivation of
preconditioners for solving linear systems of the form f(A)x = b where f is a
smooth function and A is a symmetric matrix. Iterative methods for this type
of problems which only use information from the matrix A have been developed
(e.g., in [40]), but little work has been done on preconditioning for such iterative
methods. An exception is [8], for the special case of the matrix exponential.
It would be interesting to investigate the use of Gauss quadrature rules in this
context.
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