
PRODUCT PRECONDITIONING FORMARKOV CHAIN PROBLEMSMICHELE BENZIx� AND BORA UC�ARxyAbstra
t. We 
onsider pre
onditioned Krylov subspa
e methods for 
omputing the stationaryprobability distribution ve
tor of irredu
ible Markov 
hains. We propose pre
onditioners 
onstru
tedas the produ
t of two fairly simple pre
onditioners. Theoreti
al properties of the proposed produ
tpre
onditioners are brie
y dis
ussed. We use graph partitioning tools to partition the 
oeÆ
ient ma-trix in order to build the pre
onditioner matri
es, and we investigate the e�e
t of the partitioning onthe proposed pre
onditioners. Numeri
al experiments with GMRES on various Markov 
hain prob-lems generated with the MARCA software pa
kage demonstrate that the proposed pre
onditionersare e�e
tive in redu
ing the number of iterations to 
onvergen
e. Furthermore, the experimentalresults show that the number of partitions does not severely a�e
t the number of iterations.Key words. pre
onditioning, dis
rete Markov 
hains, iterative methods, graph partitioningAMS subje
t 
lassi�
ations. 05C50, 60J10, 60J22, 65F10, 65F50, 65F351. Introdu
tion. Dis
rete Markov 
hains with large state spa
es arise in manyappli
ations, in
luding for instan
e reliability modeling, queuing network analysis,web-based information retrieval, and 
omputer system performan
e evaluation [30℄.As is well known, the long-run behavior of an ergodi
 (irredu
ible) Markov 
hain isdes
ribed by the stationary distribution ve
tor of the 
orresponding matrix of transi-tion probabilities. Re
all that the stationary probability distribution ve
tor of a �nite,ergodi
 Markov 
hain with N�N transition probability matrix P is the unique 1�Nve
tor � whi
h satis�es� = �P; �i > 0 for i = 1; : : :N; NXi=1 �i = 1 :(1.1)Here P is nonnegative (pij � 0 for 1 � i; j � N), row-sto
hasti
 (PNj=1 pij = 1 for 1 �i � N), and due to the ergodi
ity assumption it is irredu
ible.The matrix A = I � P T , where I is the N � N identity matrix, is 
alled thegenerator of the Markov pro
ess. The matrix A is a singular, irredu
ibleM -matrix ofrank N � 1. Letting x = �T and hen
e xT = xTP , the 
omputation of the stationaryve
tor redu
es to �nding a nontrivial solution to the homogeneous linear systemAx = 0 ;(1.2)where x 2 RN , xi > 0 for i = 1; : : : ; N , andPNi=1 xi = 1. Perron{Frobenius theory [7℄implies that su
h a ve
tor exists and is unique. We assume that P is large and sparse;hen
e, so is A. We further assume that P and A are partitioned asP = � P11 P12P21 P22 � and A = � A11 A12A21 A22 � = � In � P T11 �P T21�P T12 Im � P T22 � :(1.3)�The work of this author was supported in part by the National S
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240 M. BENZI AND B. UC�ARHere In and Im are identity matri
es of size n � n and m � m, respe
tively, whereN = n+m and typi
ally n� m.Our goal is to develop eÆ
ient pre
onditioners for Krylov subspa
e methods forsolving the system (1.2). The gist of the proposed pre
onditioner is to 
ombine thee�e
ts of two simple and inexpensive pre
onditioners. One of the 
onstituent pre
on-ditioners is the well-known blo
k Ja
obi pre
onditioner. The blo
k Ja
obi pre
ondi-tioner is known to deteriorate dramati
ally with the in
reasing size of the o�-diagonalblo
ks. The other pre
onditioner is proposed here to have a 
orre
tive e�e
t on theblo
k Ja
obi pre
onditioner. We 
ombine the two pre
onditioners in a multipli
a-tive fashion and obtain produ
t pre
onditioners. The resulting algorithm 
an be re-garded as a two-level method where the blo
k Ja
obi pre
onditioner plays the role of asmoothing relaxation with the se
ond pre
onditioner playing the role of a \
oarse grid"
orre
tion. Our approa
h, however, is di�erent from two-level algebrai
 multigrid orS
hwarz methods known in the literature; see, e.g., [19℄ and the referen
es therein.It is also distin
t from (and simpler than) the iterative aggregation-disaggregation(IAD) approa
h [30℄.Due to the very large number N of states typi
al of many real-world appli
ations,there has been in
reasing interest in re
ent years in developing parallel algorithms forMarkov 
hain 
omputations; see [3, 4, 8, 15, 18, 21℄. Most of the attention so far hasfo
used on (linear) stationary iterative methods, in
luding blo
k versions of Ja
obiand Gauss{Seidel [8, 18, 21℄, and on (nonlinear) iterative aggregation/disaggregations
hemes spe
i�
ally tailored to sto
hasti
 matri
es [8, 15℄. In 
ontrast, little work hasbeen done with parallel pre
onditioned Krylov subspa
e methods. The suitability ofpre
onditioned Krylov subspa
e methods for solving Markov models has been demon-strated, e.g., in [23, 26℄, although no dis
ussion of parallelization aspe
ts was giventhere. Parallel 
omputing aspe
ts 
an be found in [4℄, where a symmetrizable sta-tionary iteration (Cimmino's method) was a

elerated using the Conjugate Gradientsmethod on a Cray T3D, and in [18℄, where an out-of-
ore, parallel implementation ofConjugate Gradient Squared (with no pre
onditioning) was used to solve very largeMarkov models with up to 50 million states. We further mention [6℄, where parallelpre
onditioners based on sparse approximate pseudoinverses were used to speed-upthe 
onvergen
e of BiCGStab.The paper is organized as follows. We brie
y review ba
kground material onM -matri
es, stationary iterative methods, matrix splittings, and graph partitioningin Se
tion 2. Then, we dis
uss two simple pre
onditioners based on regular splittingsand introdu
e the produ
t pre
onditioners in Se
tion 3. Se
tion 4 
ontains materialson partitioning the matri
es into the 2� 2 blo
k stru
ture (1.3) with an eye to futureparallel implementations of the proposed produ
t pre
onditioner. In Se
tion 5 weinvestigate the e�e
t of the produ
t pre
onditioner under various partitionings, theproperties of the 2 � 2 blo
k stru
ture imposed by the graph partitioning, and theperforman
e of the produ
t pre
onditioner relative to that of some other well-knownpre
onditioners. We present our 
on
lusions in Se
tion 6.2. Ba
kground. Here we borrow some material from [5, 6, 7, 32℄ to provide thereader with a short summary of the 
on
epts and results that are used in buildingthe proposed pre
onditioners. We also give a brief des
ription of graph partitioningby vertex separator, whi
h 
an be used to obtain the 2� 2 blo
k stru
ture (1.3).2.1. Nonnegative matri
es and M-matri
es. A matrix AN�N is nonnega-tive if all of its entries are nonnegative, i.e., A � O if aij � 0 for all 1 � i; j � N .



PRODUCT PRECONDITIONING FOR MARKOV CHAINS 241Any matrix A with nonnegative diagonal entries and nonpositive o�-diagonalentries 
an be written in the formA = sI �B; s > 0; B � O :(2.1)A matrixA of the form (2.1) with s � �(B) is 
alled anM -matrix. Here, �(B) denotesthe spe
tral radius of B. If s = �(B) then A is singular, otherwise nonsingular. If Ais a nonsingular M -matrix, then A�1 � O.If A is a singular, irredu
ibleM -matrix, then ea
h k�k prin
ipal square submatrixof A, where 1 � k < N , is a nonsingularM -matrix. If, furthermore, A is the generatorof an ergodi
 Markov 
hain, then the S
hur 
omplement Sm�m = A22 � A21A�111 A12of A11 (Eq. (1.3)) is a singular, irredu
ible M -matrix with rank m� 1 [6, 20℄.2.2. Stationary iterations and matrix splittings. Consider the solution ofa linear system of the form Ax = b, where A is an N � N square matrix, possiblysingular, and x; b 2 RN . The representation A = B � C is 
alled a splitting if B isnonsingular. A splitting gives rise to the stationary iterative methodxk+1 = Txk + 
; k = 0; 1; : : : ;(2.2)where T = B�1C is 
alled the iteration matrix, 
 = B�1b, and x0 2 RN is a giveninitial guess. The splitting A = B � C is 
alled regular if B�1 � O and C � O [32℄,weak regular if B�1 � O and T � O [7℄, and an M-splitting if B is an M -matrix andC � O [28℄.It is well known that the 
onvergen
e of the stationary iteration (2.2) depends onthe 
onvergen
e of the sequen
e T k as k !1; see, e.g., [32℄. The matrix T is said tobe 
onvergent [22℄ if the powers T k 
onverge to a limiting matrix as k ! 1. If thelimit is the zero matrix, then T is 
alled zero-
onvergent. For a nonsingular matrix A,a ne
essary and suÆ
ient 
ondition for the 
onvergen
e of (2.2) for any x0 is that Tbe zero-
onvergent, or equivalently, that �(T ) < 1. In the singular 
ase the situationis more involved [7, 31℄. In this 
ase, 1 is in the spe
trum of T , i.e., 1 2 �(T ), anda ne
essary 
ondition for 
onvergen
e is that �(T ) = 1 be the only eigenvalue on theunit 
ir
le, i.e., 
(T ) := maxfj�j : � 2 �(T ); � 6= 1g < 1. If the original system Ax = bis 
onsistent and T is 
onvergent, the iteration (2.2) 
onverges to a solution whi
hdepends, in general, on the initial guess x0.A related approa
h is de�ned by the alternating iterations� xk+1=2 = M�11 N1xk +M�11 bxk+1 = M�12 N2xk+1=2 +M�12 b; k = 0; 1; : : : ;(2.3)where A = M1 �N1 = M2 �N2 are splittings of A, and x0 is the initial guess. The
onvergen
e of alternating iterations is analyzed by Benzi and Szyld [5℄. They 
on-stru
t a single splitting A = B�C asso
iated with the iteration matrix by eliminatingxk+1=2 from the se
ond equation in (2.3) and obtainxk+1 =M�12 N2M�11 N1xk +M�12 (N2M�11 )b; k = 0; 1; : : : ;(2.4)whi
h is in the form of (2.2) with T = M�12 N2M�11 N1. Using this formulation, they
onstru
t a unique splitting A = B � C with B�1C = T . The splitting is de�ned by(Eq. (10) in [5℄) B�1 =M�12 (M1 +M2 �A)M�11 :(2.5)Clearly, the matrix M1 +M2 �A must be nonsingular for (2.5) to be well-de�ned.



242 M. BENZI AND B. UC�AR2.3. Graph partitioning. Given an undire
ted graph G = (V;E), the prob-lem of K-way graph partitioning by vertex separator (GPVS) asks for �nding aset of verti
es VS of minimum size whose removal de
omposes a graph into K dis-
onne
ted subgraphs with balan
ed sizes. The problem is NP-hard [9℄. Formally,� = fV1; : : : ; VK ;VSg is a K-way vertex partition by vertex separator VS if the follow-ing 
onditions hold: Vk � V and Vk 6= ; for 1 � k � K; Vk\V` = ; for 1 � k < ` � Kand Vk \ VS = ; for 1 � k � K; Sk Vk [ VS = V ; there is no edge between verti
eslying in two di�erent parts Vk and V` for 1 � k < ` � K; Wmax=Wavg � �, whereWmax is the maximum part size (de�ned as maxk jVkj), Wavg is the average part size(de�ned as (jV j� jVS j)=K), and � is a given maximum allowable imbalan
e ratio. Seethe works [1, 10, 14, 13, 16℄ for appli
ations of the GPVS and heuristi
s for GPVS.In the weighted GPVS problem, the verti
es of the given undire
ted graph haveweights. The weight of the separator or a part is de�ned as the sum of the weightsof the verti
es that they 
ontain. The obje
tive of the weighted GPVS problem isto minimize the weight of the separator while maintaining a balan
e 
riterion on thepart weights.3. Produ
t splitting pre
onditioners. We will 
onsider two pre
onditionersbased on regular splittings of A and 
ombine them as in the alternating iterations (2.4)to build an e�e
tive pre
onditioner for Krylov subspa
e methods.The �rst pre
onditioner is the well-known blo
k Ja
obi pre
onditioner:MBJ = � A11 OO A22 � :(3.1)Note that A11 and A22 are nonsingularM -matri
es, and A =MBJ � (MBJ �A) is aregular splitting (in fa
t, an M -splitting).Next, we 
onsider another simple pre
onditioner:MSC = � D11 A12A21 A22 � :(3.2)Here D11 6= A11 stands for an approximation of A11; in pra
ti
e, we take D11 tobe the diagonal matrix formed with the diagonal entries of A11. More generally, weassume that D11 is a matrix obtained from A11 by setting o�-diagonal entries to zero.Thus, D11 is a nonsingular M -matrix [32, Theorem 3.12℄. The S
hur 
omplementmatrixA22�A21D�111 A12 is therefore well-de�ned and under the (very mild) stru
tural
onditions given in [6, Theorem 3℄, it is also a nonsingularM -matrix. These 
onditionsare satis�ed for the problems 
onsidered in this paper. ThereforeMSC is a nonsingularM -matrix and A =MSC � (MSC �A) is an M -splitting (hen
e, a regular splitting).Sin
e both MBJ and MSC de�ne regular splittings, the produ
t pre
onditionerMPS given by M�1PS =M�1SC(MBJ +MSC �A)M�1BJ ;(3.3)(see (2.5)) impli
itly de�nes a weak regular splitting [5, Theorem 3.4℄. Note that sin
ethe matrix MBJ +MSC �A = � D11 OO A22 �(3.4)



PRODUCT PRECONDITIONING FOR MARKOV CHAINS 243is invertible,M�1PS is well-de�ned, and so is the 
orresponding splitting of A. We alsohave MPS =MBJ(MBJ +MSC �A)�1MSC= � A11 OO A22 � � D�111 OO A�122 � � D11 A12A21 A22 �= � A11 A11D�111 A12A21 A22 � ;and therefore A�MPS = � O (A12 �A11D�111 A12)O O � :It follows from the identityM�1PSA = I+M�1PS(A�MPS) that M�1PSA (or AM�1PS) hasat least n eigenvalues all equal to 1. Exa
tly one eigenvalue is zero; the remainingm�1 all have positive real part and lie in a disk of radius � � 1 and 
enter at the point(1; 0) in the 
omplex plane, sin
e A = MPS � (MPS �A) is a weak regular splitting[22℄. The better D11 approximates A11, the smaller � is, and the more 
lustered thenonzero eigenvalues are around the point (1; 0). In general, a 
lustered spe
trum near(1; 0) implies fast 
onvergen
e of the pre
onditioned Krylov subspa
e iteration.Sin
e the order of the A22 blo
k m is an upper bound on the number of non-uniteigenvalues, it is important to keep this number as small as possible. This is alsodesirable from the point of view of parallel eÆ
ien
y; see [6℄ and the next se
tion.Appli
ation of the MBJ pre
onditioner requires solving two un
oupled linear sys-tems with the A11 and A22 blo
ks:� A11x1 = b1A22x2 = b2 :(3.5)Within a Krylov subspa
e method, these linear systems 
an be solved exa
tly orapproximately. When the blo
ks are large, as they are bound to be in realisti
 ap-pli
ations, exa
t solves are ineÆ
ient in terms of both time and storage, and inexa
tsolves must be used. Although the use of iterative methods is a possibility (leadingto an inner-outer iterative s
heme), in this paper we perform inexa
t solves by meansof in
omplete fa
torizations.Appli
ation of the MSC pre
onditioner requires solving 
oupled equations of theform � D11x1 +A12x2 = b1A21x1 +A22x2 = b2 :(3.6)A 
onvenient way to solve the above system is to eliminate x1 from the se
ond equationusing the �rst one and to solve the S
hur 
omplement system(A22 �A21D�111 A12)x2 = b2 �A21D�111 b1(3.7)for x2. Then substituting x2 into the �rst equation in (3.6) results in the systemD11x1 = b1 �A12x2 ;(3.8)whi
h is easy to solve.



244 M. BENZI AND B. UC�ARAppli
ation of the MPS pre
onditioner requires the solution of a system of theform (3.5), a matrix-ve
tor multiply with the matrix MBJ +MSC �A given in (3.4),and the solution of two systems of the form (3.7) and (3.8). In analogy with domainde
omposition methods for partial di�erential equations, (3.7) 
an be interpreted asa kind of \
oarse grid" 
orre
tion, even though there may be no underlying physi
algrid. Note that x2 
orresponds to the interfa
e unknowns. On the other hand, x1
orresponds to subdomain unknowns. Note, however, that (3.7) is embedded in theglobal solve (3.6), whi
h is one of the features that di�erentiate our approa
h fromstandard two-level S
hwarz methods.4. Building the blo
k stru
ture. The �rst requirement to be met in permut-ing the matrix A into 2 � 2 blo
k stru
ture (1.3) is that the permutation should besymmetri
. A symmetri
 permutation on the rows and 
olumns of A guarantees thatA11 is an n � n invertible M -matrix, sin
e the transition probability matrix P isirredu
ible and A = I � P T . Moreover, A11 is diagonally dominant by 
olumns.The se
ond requirement, as already dis
ussed in Se
tion 3, is to keep the orderm of A22 as small as possible. The requirement is important in order to have fast
onvergen
e of the Krylov subspa
e method, sin
em is an upper bound on the numberof non-unit eigenvalues. Stri
tly speaking, this is true only if we assume exa
t solvesin the appli
ation of the pre
onditioner. In pra
ti
e we will use inexa
t solves, andrather than having n eigenvalues (or more) exa
tly equal to 1, there will be a 
lusterof at least n eigenvalues near the point (1; 0). Still, we want this 
luster to 
ontain asmany eigenvalues as possible.The se
ond requirement is also desirable from the point of view of parallel im-plementation. A possible parallelization approa
h would be 
onstru
ting and solvingthe system (3.7) on a single pro
essor and then solving the system (3.8) in parallel.This approa
h has been taken previously in parallelizing appli
ations of approximateinverse pre
onditioners [6℄. Another possible approa
h would be parallelizing the so-lution of (3.7) either by allowing redundan
ies in the 
omputations (ea
h pro
essor
an form the whole system or a part of it) or by running a parallel solver on (3.7)itself. In both 
ases, the solution with the S
hur 
omplement system 
onstitutes aserial bottlene
k and requires additional storage spa
e.The third requirement, also stemming from the dis
ussion in Se
tion 3, is tohave D11 as 
lose to A11 as possible in order to 
luster the non-unit eigenvalues ofM�1PSA. Meeting this requirements would likely help redu
e the number of iterationsto 
onvergen
e for the Krylov subspa
e method.The fourth requirement, not ne
essary for the 
onvergen
e analysis but 
ru
ialfor an eÆ
ient implementation, is that A11 should be blo
k diagonal with subblo
ksof approximately equal size and density. Given K subblo
ks in the (1,1) blo
k A11,the appli
ation of the MBJ pre
onditioner, i.e., solving the system (3.5), requiresK+1 independent solves: one with the A22 blo
k and one with ea
h subblo
k of A11.Similarly, the appli
ation of the MSC pre
onditioner after solving (3.7) requires Kindependent diagonal solves (s
alings) for ea
h subblo
k of D11. We note that thisform of the MSC pre
onditioner is a spe
ial 
ase of a domain de
omposition splitting,as de�ned in [33℄. Meeting this requirement for a serial implementation will enablesolution of very large systems, sin
e the subblo
ks 
an be handled one at a time. Inany admissible parallelization, ea
h of these subblo
ks would more likely be assignedto a single pro
essor. Therefore, maintaining balan
e on the sizes and the densitiesof the subblo
ks will relate to maintaining balan
e on 
omputational loads of thepro
essors. Furthermore, it is desirable that the sizes of these subblo
ks be larger



PRODUCT PRECONDITIONING FOR MARKOV CHAINS 245than the order m of A22, if possible, for the reasons given for the se
ond requirement.Meeting all of the above four requirements is a very 
hallenging task. Therefore,as a pragmati
 approa
h we totally ignore the third one and apply well establishedheuristi
s for addressing the remaining three requirements. As it is 
ommon, weadopt the standard undire
ted graph model to represent a square matrix AN�N . Theverti
es of the graph G(A) = (V;E) 
orrespond to the rows and 
olumns of A and theedges 
orrespond to the nonzeros of A. The vertex vi 2 V represents the ith row andthe ith 
olumn of A, and there exists an edge (vi; vj) 2 E if aij and aji are nonzero.Consider a partitioning � = fV1; : : : ; VK ;VSg of G(A) with vertex separator VS .The matrix A 
an be permuted into the 2� 2 blo
k stru
ture (1.3) by permuting therows and 
olumns asso
iated with the verti
es in Sk Vk before the rows and 
olumnsasso
iated with the verti
es in VS . That is, VS de�nes the rows and 
olumns of the(2,2) blo
k A22. Noti
e that the resulting permutation is symmetri
, and hen
e the�rst requirement is met. Furthermore, sin
e GPVS tries to minimize the size of theseparator set VS , it tries to minimize the order of the blo
k A22. Therefore, thepermutation indu
ed by � meets the se
ond requirement as well.Consider the A11 blo
k de�ned by the verti
es in Sk Vk . The rows and 
olumnsthat are asso
iated with the verti
es in Vk 
an be permuted before the rows and
olumns asso
iated with the verti
es in V` for 1 � k < ` � K. Su
h a permutationof A11 gives rise to diagonal subblo
ks. Sin
e we have already 
onstru
ted A22 usingVS , we end up with the following stru
ture:A = 2666664 A1 B1A2 B2. . . ...AK BKC1 C2 � � � CK AS
3777775 :The diagonal blo
ks A1; : : : ; AK 
orrespond to the vertex parts V1; : : : ; VK , and there-fore have approximately the same order. The o�-diagonal blo
ks Bi; Ci represent the
onne
tions between the subgraphs, and the diagonal blo
k AS represents the 
on-ne
tions between nodes in the separator set. Note that be
ause of the irredu
ibilityassumption, ea
h blo
k Ai is a nonsingular M -matrix. Thus, graph partitioning in-du
es a reordering and blo
k partitioning of the matrix A in the form (1.3) whereA11 = diag(A1; A2; : : : ; AK); A22 = ASand A12 = [BT1 BT2 � � � BTK ℄T ; A21 = [C1 C2 � � � CK ℄ :Therefore, the permutation indu
ed by the GPVS partially addresses the fourth re-quirement. Note that the GPVS formulation ignores the requirement of balan
ing thedensities of the diagonal subblo
ks of A11. In fa
t, obtaining balan
e on the densitiesof the diagonal blo
ks is a 
omplex partitioning requirement that 
annot be met be-fore a partitioning takes pla
e (see [24℄ for a possible solution) even with a weightedGPVS formulation.If the matrix is stru
turally nonsymmetri
, whi
h is 
ommon for matri
es arisingfrom Markov 
hains, then A 
annot be modeled with undire
ted graphs. In this 
ase,a 2� 2 blo
k stru
ture 
an be obtained by partitioning the graph of A+AT .



246 M. BENZI AND B. UC�ARTable 5.1Properties of the generator matri
es.Matrix number of number of nonzerosrows/
ols total average row 
olN row/
ol min max min maxmutex09 65535 1114079 17.0 16 17 16 17mutex12 263950 4031310 15.3 9 21 9 21n
d07 62196 420036 6.8 2 7 2 7n
d10 176851 1207051 6.8 2 7 2 7qnatm06 79220 533120 6.7 3 9 4 7qnatm07 130068 875896 6.7 3 9 4 7t
omm16 13671 67381 4.9 2 5 2 5t
omm20 17081 84211 4.9 2 5 2 5twod08 66177 263425 4.0 2 4 2 4twod10 263169 1050625 4.0 2 4 2 45. Numeri
al experiments. In this se
tion, we report on experimental resultsobtained with a Matlab 6 implementation on a 1.2GHz Sun Fire V880 with 2 Gbytesof main memory. The main goal was to test the produ
t splitting pre
onditionerand to 
ompare it with a few other pre
onditioners. The Krylov method used wasGMRES [27℄. For 
ompleteness we performed experiments with the stationary itera-tions 
orresponding to the various splittings (without GMRES a

eleration), but theywere found to 
onverge too slowly to be 
ompetitive with pre
onditioned GMRES.Therefore, we do not show these results.The various methods were tested on the generator matri
es of some Markov 
hainmodels provided in the MARCA (MARkov Chain Analyzer) 
olle
tion [29℄. Themodels are dis
ussed in [12, 23, 25℄ and have been used to 
ompare di�erent solutionmethods in [6, 11℄ and elsewhere. These matri
es are in�nitesimal generators of time-
ontinuous Markov 
hains, but 
an be easily 
onverted (as we did) to the form A =I�P T , with P row-sto
hasti
, so that A 
orresponds to a dis
rete-time Markov 
hain,known as the embedded Markov 
hain; see [30, Chapter 1.4.3℄. The pre
onditioningte
hniques des
ribed in this paper 
an be applied to either form of the generatormatrix.We performed a large number of tests on numerous matri
es; here we present asele
tion of results for a few test matri
es, 
hosen to be representative of our overall�ndings.Table 5.1 displays the properties of the test matri
es. Ea
h matrix is named byits family followed by its index in the family. For example, mutex09 refers to the9th matrix in the mutex family. The matri
es from the mutex and n
d families arestru
turally symmetri
, the matri
es from the qnatm and twod families are stru
-turally nonsymmetri
, and the matri
es from the t
omm family are very 
lose to beingstru
turally symmetri
|the nonzero patterns of t
omm20 and t
omm16 di�er fromthe nonzero patterns of their transposes in only 60 lo
ations.We 
ompared the produ
t pre
onditioner (PS) with its fa
tors blo
k Ja
obi (BJ)and S
hur 
omplement-based (SC) pre
onditioners. We also 
ompared PS with theblo
k Gauss-Seidel (BGS) and blo
k su

essive overrelaxation (BSOR) pre
ondition-ers, where the pre
onditioner matri
es areMBGS = � A11 A12O A22 � or MBGS = � A11 OA21 A22 � ;



PRODUCT PRECONDITIONING FOR MARKOV CHAINS 247MBSOR = � 1!A11 A12O 1!A22 � or MBSOR = � 1!A11 OA21 1!A22 � :In agreement with the previously reported results [11℄ on the MARCA 
olle
tion,we observed that ! = 1:0 (whi
h redu
es the BSOR to BGS) or very 
lose to 1.0 isnearly always the best 
hoi
e of the relaxation parameter for BSOR. We also observedthat the blo
k lower triangular versions of the BGS and BSOR pre
onditioners areindistinguishable from the blo
k upper triangular versions under either the storageor performan
e 
riteria. Therefore, we report only the experiments with the uppertriangular BGS pre
onditioner. Note that appli
ation of the BGS pre
onditionerrequires two linear system solutions (one with A11 and one with A22) and a matrix-ve
tor multiply with A12.5.1. Properties of the blo
k stru
ture and the pre
onditioners. We par-titioned the matrix into the 2� 2 blo
k stru
ture (1.3) using Metis [17℄. In all 
ases,the partitioning time is negligible 
ompared to the solve time. For the stru
turallysymmetri
 mutex and n
d matri
es, we used the graph of A, and for the other matri-
es we used the graph of A+ AT as mentioned in Se
tion 4. As dis
ussed in Se
tion4, we maintain balan
e on the size, rather than the densities, of the subblo
ks of A11.We have 
ondu
ted experiments with K = 2; 4; 8; 16; and 32 subblo
ks in the (1,1)blo
k. For ea
h K value, K-way partitioning of a test matrix 
onstitutes a partition-ing instan
e. Sin
e Metis in
orporates randomized algorithms, it was run 20 timesstarting from di�erent random seeds for ea
h partitioning instan
e. The maximumallowable imbalan
e ratio among the part weights was spe
i�ed as 25%. In all par-titioning instan
es ex
ept the mutex matri
es, the imbalan
e ratios among the partswere within the spe
i�ed limit. Therefore, the partition with the minimum separatorsize was 
hosen for those matri
es. For the mutex matri
es, we 
hose the best amongthe partitions that satis�es the imbalan
e ratio, if any. Otherwise, we 
hose the onewith smallest imbalan
e (this was the 
ase in K = 16- and 32-way partitioning ofboth of the matri
es and the resulting imbalan
e was 35%). The properties of the2� 2 blo
k stru
tures 
orresponding to these best partitions are given in Table 5.2.As seen from Table 5.2, only the mutex matri
es have a large number of rows inthe se
ond row blo
k of A, i.e., a large separator set. For these matri
es, only forthe K = 2-way partitioning instan
es the average part size is larger than the size ofthe separator set. For the other matri
es, the average part size is larger than the sizeof the se
ond row blo
k in all partitioning instan
es with K = 2; 4; 8; and 16 ex
eptin K = 16-way partitioning of n
d07 and qnatm06. The average separator sizes forall K values are given at the bottom of the table. These averages 
ontain the mutexmatri
es; without them, the average separator and part sizes for K = 16 are 0.043and 0.060, respe
tively.An interesting observation is that in all partitioning instan
es, the (2,2) blo
k isalways very sparse; the minimum and maximum number of nonzeros per row in the(2,2) blo
k are 1.0 (in K = 2; 4; and 8-way partitioning of mutex12 and in almost alln
d partitioning instan
es) and 4.2 (in K = 16-way partitioning of mutex09) wherethe overall average is 1.67. All matri
es, ex
ept mutex12 and mutex09 have smallnumbers of nonzeros per row. Therefore, a very sparse separator is most likely too

ur in partitioning these matri
es. However, the separator being highly sparsein di�erent Markov 
hain models is noteworthy, espe
ially from the parallelizationperspe
tive. For example, the (2,2) blo
k may be dupli
ated on all pro
essors toover
ome the serial bottlene
k of S
hur 
omplement solves with only a small storageoverhead, or the o�-diagonal entries of the (2,2) blo
k may be sele
tively dropped to



248 M. BENZI AND B. UC�ARTable 5.2Properties of the partitions and the indu
ed blo
k stru
tures for the test matri
es. The 
olumn\sep" refers to the number of rows in the 2nd row blo
k of A normalized by the number of rows inA, i.e., m=N ; the 
olumn \part" refers to the average part size normalized by the number of rows inA, i.e., (n=K)=N ; the 
olumns Aij for i; j = 1; 2 refer to the number of nonzeros in the (i; j) blo
knormalized by the number of nonzeros in A, i.e., nnz(Aij)=nnz(A).Matrix K Partition Blo
kssep part A11 A12 A21 A22mutex09 2 0.205 0.398 0.618 0.177 0.177 0.0284 0.337 0.166 0.363 0.300 0.300 0.0378 0.415 0.073 0.237 0.348 0.348 0.06816 0.469 0.033 0.177 0.354 0.354 0.11632 0.473 0.016 0.138 0.389 0.389 0.084mutex12 2 0.141 0.429 0.621 0.185 0.185 0.0094 0.225 0.194 0.397 0.294 0.294 0.0158 0.282 0.090 0.243 0.369 0.369 0.01816 0.333 0.042 0.162 0.389 0.389 0.06032 0.343 0.021 0.124 0.411 0.411 0.053n
d07 2 0.015 0.493 0.972 0.013 0.013 0.0024 0.028 0.243 0.946 0.025 0.025 0.0048 0.047 0.119 0.910 0.041 0.041 0.00716 0.071 0.058 0.866 0.062 0.062 0.01032 0.099 0.028 0.813 0.086 0.086 0.015n
d10 2 0.012 0.494 0.976 0.011 0.011 0.0024 0.023 0.244 0.957 0.020 0.020 0.0038 0.036 0.121 0.933 0.031 0.031 0.00516 0.057 0.059 0.893 0.049 0.049 0.00932 0.076 0.029 0.856 0.066 0.066 0.012qnatm06 2 0.012 0.494 0.979 0.009 0.009 0.0034 0.024 0.244 0.957 0.019 0.019 0.0058 0.041 0.120 0.927 0.032 0.032 0.00916 0.068 0.058 0.877 0.055 0.055 0.01332 0.100 0.028 0.819 0.081 0.081 0.019qnatm07 2 0.009 0.496 0.986 0.005 0.005 0.0044 0.019 0.245 0.966 0.015 0.015 0.0048 0.034 0.121 0.940 0.026 0.026 0.00816 0.054 0.059 0.903 0.043 0.043 0.01132 0.081 0.029 0.854 0.065 0.065 0.017t
omm16 2 0.002 0.499 0.996 0.002 0.002 0.0014 0.007 0.248 0.988 0.005 0.005 0.0028 0.016 0.123 0.973 0.011 0.011 0.00516 0.034 0.060 0.942 0.024 0.024 0.01032 0.059 0.029 0.898 0.042 0.042 0.018t
omm20 2 0.002 0.499 0.997 0.001 0.001 0.0014 0.005 0.249 0.991 0.004 0.004 0.0028 0.013 0.123 0.978 0.009 0.009 0.00416 0.027 0.061 0.954 0.019 0.019 0.00832 0.054 0.030 0.908 0.038 0.038 0.016twod08 2 0.002 0.499 0.997 0.001 0.001 0.0014 0.006 0.249 0.991 0.003 0.003 0.0038 0.013 0.123 0.980 0.007 0.007 0.00716 0.021 0.061 0.968 0.011 0.011 0.01132 0.035 0.030 0.947 0.018 0.018 0.018twod10 2 0.002 0.499 0.997 0.001 0.001 0.0014 0.004 0.249 0.994 0.002 0.002 0.0028 0.007 0.124 0.989 0.004 0.004 0.00416 0.012 0.062 0.982 0.006 0.006 0.00632 0.019 0.031 0.972 0.009 0.009 0.009Averages2 0.040 0.480 0.914 0.040 0.040 0.0054 0.068 0.233 0.855 0.069 0.069 0.0088 0.090 0.114 0.811 0.088 0.088 0.01316 0.115 0.055 0.772 0.101 0.101 0.02632 0.134 0.027 0.733 0.121 0.121 0.026
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Fig. 5.1. Sparsity pattern of the matrix qnatm06 and stru
ture indu
ed by K-way partitioningfor K = 4; 8; 16.yield an approximate S
hur 
omplement in order to redu
e the storage requirements.As an example of the partitioning out
omes, Figure 5.1 shows the sparsity patternof the matrix qnatm06 followed by the blo
k stru
ture of the K-way partitionings forK = 4; 8; 16.Ea
h subblo
k of A11 and the (2,2) blo
k A22 are fa
tored using the in
ompleteLU fa
torization (ILUTH) with threshold parameter � = 0:01 for the qnatm matri
esand � = 0:001 for the other matri
es. The threshold of 0:001 was too small for theqnatm matri
es: the resulting pre
onditioners had 8 times more nonzeros than thegenerator matri
es. The densities of the pre
onditioners, i.e., the number of nonzerosin the matri
es appearing in the pre
onditioner solve phase divided by the number ofnonzeros in the 
orresponding generator matri
es, are given in Table 5.3. The numberof nonzeros in the pre
onditioner solve phase of BJ is the total number of nonzerosin the approximate ILU fa
tors of A11 and A22. The number of nonzeros in thepre
onditioner solve phase of SC is the total number of nonzeros in the approximateILU fa
tors of the S
hur 
omplement matrix in (3.7), plus the number of nonzerosin A21 and A12. The number of nonzeros in the pre
onditioner solve phase of PSis 
omputed by adding the number of nonzeros in MBJ +MSC � A to those of the



250 M. BENZI AND B. UC�ARBJ and SC pre
onditioners. The number of nonzeros for the BGS pre
onditioner isthe total number of nonzeros in the ILU fa
tors of A11 and A22 plus the number ofnonzeros in A21.Sin
e the number of nonzeros in the o�-diagonal blo
ks A12 and A21 in
reasesfor in
reasing K, the number of nonzeros in the BJ pre
onditioners de
reases forin
reasing K. By the same token, the number of nonzeros in the SC pre
onditionersin
reases for in
reasing K. Sin
e the proposed pre
onditioner PS uses those twopre
onditioners and an additional n+nnz(A22) � N nonzeros, the number of nonzerosin the PS pre
onditioners is not heavily a�e
ted by the in
reasing number of parts. Asseen from the averages given in the bottom of the table, the produ
t pre
onditionershave around 2.5 times the nonzeros of the generator matri
es for all K, whereas theBGS pre
onditioners 
ontain around 1.97 times the nonzeros of the generator matri
es,on the average. Thus, on average, the PS pre
onditioners 
ontain 28% more nonzerosthan the BGS pre
onditioners.5.2. Performan
e 
omparisons. The underlying Krylov subspa
e method wasGMRES, restarted every 50 iterations (if needed). Right pre
onditioning was used inall the tests. The stopping 
riterion was set askrkk2=kr0k2 < 10�10 ;where rk is the residual at the kth iteration and r0 is the initial residual. We al-low at most 250 iterations, i.e., 5 restarts, for the GMRES iteration. Therefore, thenumber 250 in the following tables marks the 
ases in whi
h GMRES failed to de-liver solutions with the pres
ribed a

ura
y within 250 iterations. For ea
h matrix,only one initial solution is 
hosen at random (with positive entries) and normalizedto have an `1-norm of 1.0. In other words, the initial guess is a random probabil-ity distribution ve
tor. The same initial guess is used for all partitioning instan
esof a matrix with all pre
onditioners. Iteration 
ounts for GMRES(50) on the var-ious test matri
es with no permutation or pre
onditioning (GMRES) and with thepre
onditioners BJ, SC, BGS, and PS are given in Table 5.4. The `1-norms of theresiduals 
orresponding to the approximate solutions returned by GMRES(50) werebetween 1.9889e-17 and 1.6098e-11 for the 
onverged instan
es. Note that withoutpre
onditioning, GMRES(50) 
onverges only for the mutex matri
es.As seen from Table 5.4, the BGS pre
onditioner is 
onsistently better than the BJand SC pre
onditioners. The proposed PS pre
onditioner, although 
onstru
ted fromthe two pre
onditioners outperformed by BGS, is in turn 
onsistently better than theBGS pre
onditioner. The last �ve rows of the table show the performan
e of theproposed PS pre
onditioner with respe
t to the BGS pre
onditioner. These numbersare 
omputed by �rst normalizing the number of iterations of BGS and PS by thenumber of iterations required by BGS pre
onditioner with K = 2-way partitioning forea
h matrix. Then, the averages of these numbers are displayed in the last �ve rows.We did not display the averages for the BJ and SC pre
onditioners be
ause they donot lead to 
onvergen
e in all instan
es. As seen from the normalized averages, theproposed PS pre
onditioner outperforms the BGS one by a fa
tor of two in termsof iteration 
ounts, at the expense of an in
rease of just 28% (approximately) in thenumber of nonzeros (see Table 5.3).Re
all from Se
tion 3 that the PS pre
onditioner is given byM�1PS =M�1BJ(MBJ+MSC � A)M�1SC . Consider the matrix in the middle. It is 
omposed of the diagonalof A11 and the (2,2) blo
k A22. Sin
e the A22 blo
k is very sparse, i.e., 
lose tobeing a diagonal matrix, the e�e
t of the multiply with (MBJ +MSC�A) is merely a
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onditioners, i.e., the total number of nonzeros in the blo
ks appearingin the pre
onditioning matri
es divided by the number of nonzeros in the 
orresponding generatormatri
es. Matrix K Pre
onditionersBJ SC BGS PSmutex09 2 0.75 0.67 0.93 1.504 0.47 1.26 0.77 1.818 0.37 1.50 0.72 1.9716 0.36 1.56 0.72 2.0732 0.28 1.78 0.67 2.17mutex12 2 0.68 0.62 0.87 1.374 0.47 1.01 0.76 1.558 0.31 1.34 0.68 1.7216 0.29 1.51 0.68 1.9032 0.24 1.58 0.65 1.92n
d07 2 0.88 0.18 0.89 1.214 0.86 0.21 0.89 1.228 0.82 0.25 0.86 1.2216 0.79 0.30 0.85 1.2332 0.75 0.36 0.84 1.25n
d10 2 0.72 0.17 0.73 1.044 0.71 0.19 0.73 1.058 0.68 0.22 0.72 1.0516 0.66 0.26 0.71 1.0732 0.64 0.30 0.71 1.09qnatm06 2 3.43 0.18 3.44 3.774 3.31 0.22 3.33 3.688 3.17 0.27 3.21 3.6016 2.93 0.36 2.98 3.4432 2.65 0.46 2.73 3.26qnatm07 2 3.48 0.17 3.48 3.804 3.38 0.20 3.39 3.738 3.25 0.25 3.27 3.6516 3.06 0.31 3.11 3.5332 2.83 0.40 2.89 3.38t
omm16 2 2.12 0.21 2.13 2.534 2.10 0.22 2.11 2.528 2.06 0.24 2.07 2.5016 1.97 0.27 2.00 2.4532 1.88 0.32 1.92 2.41t
omm20 2 2.19 0.21 2.19 2.604 2.17 0.21 2.18 2.598 2.13 0.23 2.14 2.5716 2.06 0.26 2.08 2.5232 1.93 0.31 1.97 2.45twod08 2 2.38 0.25 2.38 2.884 2.36 0.26 2.36 2.878 2.33 0.27 2.34 2.8616 2.30 0.29 2.31 2.8432 2.24 0.31 2.25 2.81twod10 2 3.86 0.25 3.86 4.374 3.84 0.26 3.84 4.358 3.80 0.26 3.80 4.3116 3.73 0.27 3.74 4.2632 3.66 0.28 3.67 4.20Averages2 2.05 0.29 2.09 2.514 1.97 0.40 2.04 2.548 1.89 0.48 1.98 2.5416 1.82 0.54 1.92 2.5332 1.71 0.61 1.83 2.50



252 M. BENZI AND B. UC�ARTable 5.4Number of iterations to redu
e the `2-norm of the initial residual by ten orders of magnitudeusing GMRES(50) with at most 5 restarts. The number 250 means that the method did not 
onvergein 250 iterations. Matrix GMRES Pre
onditioned GMRESK Pre
onditionersBJ SC BGS PSmutex09 97 2 25 27 13 84 29 23 15 98 30 20 15 816 26 22 14 932 29 17 15 9mutex12 91 2 27 23 14 84 29 20 15 78 29 18 15 716 27 17 14 832 28 17 15 8n
d07 250 2 38 250 25 164 201 250 69 178 250 250 99 1916 250 250 99 2132 250 250 158 22n
d10 250 2 42 250 29 194 250 250 181 218 205 250 101 2216 250 250 145 2532 250 250 188 26qnatm06 250 2 64 250 41 394 92 250 45 398 120 250 50 4216 200 250 62 4532 250 250 86 49qnatm07 250 2 65 250 45 444 94 250 52 468 138 250 71 4816 215 250 87 5532 245 250 98 68t
omm16 250 2 33 250 19 154 50 250 27 208 100 250 36 2616 250 250 91 4232 250 250 79 42t
omm20 250 2 31 250 19 164 41 250 24 208 101 250 36 2616 250 250 73 4032 250 250 200 101twod08 250 2 26 250 14 94 34 250 18 118 43 250 22 1616 51 250 26 2132 58 250 30 25twod10 250 2 35 250 18 124 46 250 24 198 52 250 27 2216 50 250 26 2132 87 250 37 29Normalized averages with respe
t to 2-way BGS2 - - 1.00 0.744 - - 1.88 0.858 - - 1.93 0.9816 - - 2.64 1.2332 - - 3.82 1.67
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onds) for GMRES(50) without pre
onditioning (GMRES 
olumn) andwith BJ, SC, BGS and PS pre
onditioning for the mutex matri
es.Matrix GMRES Pre
onditioned GMRESTotal K Total timetime Pre
onditioner 
onstru
tion SolveSolve BJ SC BGS PS BJ SC BGS PSmutex09 19.6 2 1.8 0.7 2.0 3.2 11.0 8.2 5.8 5.04 0.8 3.2 1.0 4.5 11.8 9.0 6.0 6.28 0.5 4.1 0.7 5.2 11.9 8.8 5.8 6.016 0.4 7.9 0.7 8.9 10.2 10.4 5.4 6.932 0.3 5.2 0.5 6.1 11.2 8.4 5.8 7.0mutex12 79.1 2 6.5 2.6 7.2 11.7 51.9 26.7 26.7 21.04 3.6 6.5 4.3 12.4 52.0 28.5 26.9 19.88 1.9 12.3 2.7 16.5 49.6 30.1 26.0 21.316 1.7 42.4 2.5 46.4 46.4 30.7 23.9 25.332 1.2 35.5 2.1 38.8 47.0 31.6 25.3 25.2s
aling. Therefore, we 
ondu
ted experiments with the PS pre
onditioner without thematrix-ve
tor multiplies with (MBJ +MSC�A) and observed that in 41 partitioninginstan
es (even with the mutex matri
es that have relatively denser A22) the numberof iterations did not 
hange at all, in 3 of the 
ases omitting the multiply de
reasedthe number of iterations by 1, in 4 
ases it in
reased the number of iterations by 1,and only in K = 32-way partitioning of t
omm20 it in
reased the number of iterationsby 5.We 
lose this se
tion by dis
ussing running times for GMRES. The timings areobtained using Matlab 6's 
putime 
ommand and are in se
onds. In Table 5.5, the to-tal time for GMRES without pre
onditioning is the total time spent in performing theGMRES iterations. In Table 5.5 and 5.6, the total time for the pre
onditioned GM-RES is disse
ted into the pre
onditioner 
onstru
tion and the solve phases. We �rstdis
uss the 
ase of mutex matri
es, sin
e all the pre
onditioners lead to 
onvergen
efor these matri
es. In all partitioning instan
es of the mutex matri
es, the proposedPS pre
onditioner solve phase time is less than the solve phase times of its fa
tors BJand SC pre
onditioners. Furthermore, in half of the instan
es its solve phase time issmaller than the BGS pre
onditioner solve phase time. On the other hand, the totalrunning time of BGS pre
onditioner is always the minimum ex
ept in K = 2-waypartitioning of mutex12 in whi
h 
ase BJ gives the minimum total running time. Weobserve that the mutex matri
es are the worst 
ase for the 
onstru
tion of the PSpre
onditioner, sin
e the size of the separator set is very large already for K = 2, thusforming the S
hur 
omplement is very time-
onsuming.Table 5.6 
ontains the running times of the pre
onditioned GMRES with the BGSand PS pre
onditioners for the larger matri
es in ea
h matrix family. As seen from thetable, for these matri
es (whose partitions have small separators) the pre
onditioner
onstru
tion phases' time are always smaller than the solve phases' time. Furthermore,the 
onstru
tion times for the BGS and PS pre
onditioners are almost the same, andPS is faster than BGS (due to smaller number of iterations) in all instan
es ex
eptfor K = 2-way partitioning of qnatm07. Note that the ith iteration of GMRESafter a restart requires i inner produ
t 
omputations with ve
tors of length N [2℄.Therefore, the performan
e gains in the solve phase with the PS pre
onditioners arenot only due to the savings in pre
onditioner solves and matrix-ve
tor multiplies,but also to the savings in the inner produ
t 
omputations. What is important in this



254 M. BENZI AND B. UC�ARTable 5.6Running times (in se
onds) for GMRES(50) with BGS and PS pre
onditioners for the largermatri
es in ea
h family. Matrix K Total timePre
ond 
onst SolveBGS PS BGS PSn
d10 2 1.3 1.7 28.1 19.84 1.3 1.7 193.0 22.08 1.2 1.6 108.6 23.416 1.2 1.6 153.7 27.032 1.1 1.6 198.4 28.5qnatm07 2 20.9 21.2 46.5 49.64 14.9 15.2 53.7 50.88 9.6 10.0 70.3 53.416 6.5 6.9 85.8 61.132 4.9 5.3 93.6 70.9t
omm20 2 0.2 0.2 1.3 1.24 0.2 0.2 1.7 1.58 0.2 0.2 2.6 2.016 0.2 0.2 5.6 3.332 0.1 0.2 15.8 8.8twod10 2 17.3 17.6 31.1 22.64 14.5 14.8 42.4 35.98 6.6 6.9 47.3 42.016 6.1 6.4 45.4 39.632 5.2 5.5 67.1 56.4table is how the total time with the PS pre
onditioner in
reases as the number of partsin
reases. These in
reases are fairly modest 
ompared to the number of parts. Ex
eptfor t
ommm20, whi
h is rather small, the solution times with 32 parts are at most 3times larger than the solution times with 2 parts. This heralds 
onsiderable speed-upsin the total solution time in a parallel 
omputing environment. Additionally, this alsogives leeway in parallelizing the iterations.6. Con
lusions. We have des
ribed and investigated a new pre
onditioningte
hnique for Markov 
hain problems. The idea is to 
ombine two simple pre
ondition-ers to get a new, more e�e
tive one. This \produ
t splitting" pre
onditioner relies ona blo
k 2� 2 stru
ture of the generator matrix, whi
h is obtained through graph par-titioning. Our approa
h is somewhat similar to a two-level, non-overlapping additiveS
hwarz (blo
k Ja
obi) pre
onditioner with a multipli
ative \
oarse grid 
orre
tion"represented by an approximate S
hur 
omplement solve. Numeri
al experiments withpre
onditioned GMRES using test matri
es from MARCA indi
ate that the produ
tpre
onditioner is mu
h more e�e
tive than the two 
onstituent pre
onditioners, at theexpense of only a slight in
rease in storage requirements. The produ
t splitting wasalso found to be 
ompetitive in most 
ases with an appropriate blo
k Gauss{Seidelpre
onditioner. Furthermore, the numeri
al experiments indi
ate that, for most prob-lems, the number of iterations grows slowly with the number of parts (subdomains).This suggests that the produ
t splitting pre
onditioner should perform very well in aparallel implementation.A
knowledgment. We thank Billy Stewart for making the MARCA softwareavailable.



PRODUCT PRECONDITIONING FOR MARKOV CHAINS 255REFERENCES[1℄ C. Aykanat, A. P�nar, and U. V. C�ataly�urek, Permuting sparse re
tangular matri
es intoblo
k-diagonal form, SIAM J. S
i. Comput., 25 (2004), pp. 1860{1879.[2℄ R. Barrett, M. Berry, T. F. Chan, J. Demmel, J. Donato, J. Dongarra, V. Eijkhout,R. Pozo, C. Romine, and H. A. Van Der Vorst, Templates for the Solution of LinearSystems: Building Blo
ks for Iterative Methods, SIAM, Philadelphia, 1994.[3℄ M. Benzi and T. Dayar, The arithmeti
 mean method for �nding the stationary ve
tor ofMarkov 
hains, Parallel Algorithms Appl., 6 (1995), pp. 25{37.[4℄ M. Benzi, F. Sgallari, and G. Spaletta, A parallel blo
k proje
tion method of the Cimminotype for �nite Markov 
hains, in Computations with Markov Chains, W. J. Stewart, ed.,Kluwer A
ademi
 Publishers, Boston/London/Dordre
ht, 1995, pp. 65{80.[5℄ M. Benzi and D. B. Szyld, Existen
e and uniqueness of splittings for stationary iterativemethods with appli
ations to alternating methods, Numer. Math., 76 (1997), pp. 309{321.[6℄ M. Benzi and M. T�uma, A parallel solver for large-s
ale Markov 
hains, Appl. Numer. Math.,41 (2002), pp. 135{153.[7℄ A. Berman and R. J. Plemmons, Nonnegative Matri
es in the Mathemati
al S
ien
es, A
a-demi
 Press, New York, 1979. Reprinted by SIAM, Philadelphia, PA, 1994.[8℄ P. Bu
hholz, M. Fis
her, and P. Kemper, Distributed steady state analysis using Krone
keralgebra, in Numeri
al Solutions of Markov Chains (NSMC'99), B. Plateau, W. J. Stewart,and M. Silva, eds., Prensas Universitarias de Zaragoza, Zaragoza, Spain, 1999, pp. 76{95.[9℄ T. N. Bui and C. Jones, Finding good approximate vertex and edge partitions is NP hard,Inform. Pro
ess. Lett., 42 (1992), pp. 153{159.[10℄ T. N. Bui and C. Jones, A heuristi
 for redu
ing �ll in sparse matrix fa
torization, in Pro
.6th SIAM Conf. Parallel Pro
essing for S
ienti�
 Computing, SIAM, Philadelphia, 1993,pp. 445{452.[11℄ T. Dayar and W. J. Stewart, Comparison of partitioning te
hniques for two-level iterativesolvers of large, sparse Markov 
hains, SIAM J. S
i. Comput., 21 (2000), pp. 1691{1705.[12℄ P. Fernandes, B. Plateau, and W. J. Stewart, EÆ
ient des
riptor-ve
tor multipli
ationsin sto
hasti
 automata networks, J. ACM, 45 (1998), pp. 381{414.[13℄ B. Hendri
kson and R. Leland, A multilevel algorithm for partitioning graphs, in Super
om-puting'95: Pro
eedings of the 1995 ACM/IEEE 
onferen
e on Super
omputing (CDROM),ACM Press, New York, NY, USA, 1995, p. 28.[14℄ B. Hendri
kson and E. Rothberg, Improving the run time and quality of nested disse
tionordering, SIAM J. S
i. Comput., 20 (1998), pp. 468{489.[15℄ M. Jarraya and D. El Baz, Asyn
hronous iterations for the solution of Markov systems,in Numeri
al Solutions of Markov Chains (NSMC'99), B. Plateau, W. J. Stewart, andM. Silva, eds., Prensas Universitarias de Zaragoza, Zaragoza, Spain, 1999, pp. 335{338.[16℄ G. Karypis and V. Kumar, A fast and high quality multilevel s
heme for partitioning irregulargraphs, SIAM J. S
i. Comput., 20 (1998), pp. 359{392.[17℄ G. Karypis and V. Kumar, MeTiS: A software pa
kage for partitioning unstru
tured graphs,partitioning meshes, and 
omputing �ll-redu
ing orderings of sparse matri
es version 4.0,University of Minnesota, Department of Computer S
ien
e / Army HPC Resear
h Center,Minneapolis, MN 55455, September 1998.[18℄ W. J. Knottenbelt and P. G. Harrison, Distributed disk-based solution te
hniques for largeMarkov models, in Numeri
al Solutions of Markov Chains (NSMC'99), B. Plateau, W. J.Stewart, and M. Silva, eds., Prensas Universitarias de Zaragoza, Zaragoza, Spain, 1999,pp. 58{75.[19℄ I. Marek and D. B. Szyld, Algebrai
 S
hwarz methods for the numeri
al solution of Markov
hains, Linear Algebra Appl., 386 (2004), pp. 67{81.[20℄ C. D. Meyer, Sto
hasti
 
omplementation, un
oupling Markov 
hains, and the theory of nearlyredu
ible systems, SIAM Rev., 31 (1989), pp. 240{272.[21℄ V. Migall�on, J. Penad�es, and D. B. Szyld, Experimental studies of parallel iterative so-lutions of Markov 
hains with blo
k partitions, in Numeri
al Solutions of Markov Chains(NSMC'99), B. Plateau, W. J. Stewart, and M. Silva, eds., Prensas Universitarias deZaragoza, Zaragoza, Spain, 1999, pp. 96{110.[22℄ M. Neumann and R. J. Plemmons, Convergent nonnegative matri
es and iterative methodsfor 
onsistent linear systems, Numer. Math., 31 (1978), pp. 265{279.[23℄ B. Philippe, Y. Saad, and W. J. Stewart, Numeri
al methods in Markov 
hain modeling,Oper. Res., 40 (1992), pp. 1156{1179.[24℄ A. P�nar and B. Hendri
kson, Partitioning for 
omplex obje
tives, Pro
eedings of the 15thInternational Parallel and Distributed Pro
essing Symposium (CDROM), IEEE Computer



256 M. BENZI AND B. UC�ARSo
iety Washington, DC, USA, 2001, p. 121.[25℄ P. K. Pollet and S. E. Stewart, An eÆ
ient pro
edure for 
omputing quasi-stationarydistributions of Markov 
hains with sparse transition stru
ture, Adv. Appl. Probab., 26(1994), pp. 68{79.[26℄ Y. Saad, Pre
onditioned Krylov subspa
e methods for the numeri
al solution of Markov 
hains,in Computations with Markov Chains, W. J. Stewart, ed., Kluwer A
ademi
 Publishers,Boston/London/Dordre
ht, 1995, pp. 49{64.[27℄ Y. Saad and M. H. S
hultz, GMRES: A generalized minimal residual algorithm for solvingnonsymmetri
 linear systems, SIAM J. S
i. Stat. Comput., 7 (1986), pp. 856{869.[28℄ H. S
hneider, Theorems on M-splittings of a singular M-matrix whi
h depend on graph stru
-ture, Linear Algebra Appl., 58 (1984), pp. 407{424.[29℄ W. J. Stewart, MARCA Models: A 
olle
tion of Markov 
hain models. URLhttp://www.
s
.n
su.edu/fa
ulty/stewart/MARCA Models/MARCA Models.html.[30℄ W. J. Stewart, Introdu
tion to the Numeri
al Solution of Markov Chains, Prin
eton Univer-sity Press, Prin
eton, NJ, 1994.[31℄ D. B. Szyld, Equivalen
e of 
onvergen
e 
onditions for iterative methods for singular equa-tions, Numer. Linear Algebra Appl., 1 (1994), pp. 151{154.[32℄ R. S. Varga, Matrix Iterative Analysis, Prenti
e-Hall, Englewood Cli�s, New Jersey, 1962.Se
ond Edition, revised and expanded, Springer, Berlin, Heidelberg, New York, 2000.[33℄ R. E. White, Domain de
omposition splittings, Linear Algebra Appl., 316 (2000), pp. 105{112.


