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Abstract. This paper is concerned with a generalization of the Hermitian and skew-Hermitian
(HSS) splitting iteration for solving positive definite, non-Hermitian linear systems. It is shown that
the new scheme can outperform the standard HSS method in some situations and can be used as an
effective preconditioner for certain linear systems in saddle point form. Numerical experiments using
discretizations of incompressible flow problems demonstrate the effectiveness of the generalized HSS
preconditioner.
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1. Introduction. The Hermitian and skew-Hermitian splitting (HSS) iteration
was first introduced by Bai, Golub, and Ng in [5] for the solution of a broad class of
non-Hermitian linear systems Az = b. The basic iterative scheme works as follows.
Let @ > 0 be fixed. Denoting by H = (A + A*)/2 the Hermitian part of A and by
S = (A— A*)/2 the skew-Hermitian part, the HSS method is the alternating iteration

(L1) (H—I—a[)kar%:(oJ—S)a:k—Fb,

' (S+al)zpr = (ol —H)zpy 1 +b

(k =0,1,...), where x is an arbitrary initial guess. It was shown in [5] that when
H is positive definite, the HSS iteration is unconditionally convergent, i.e., the se-
quence {zy} converges to the solution z, = A~'b as k — oo for all & > 0 and for
any choice of zo. Moreover, it was shown in the same paper that choosing o = v/ab,
where a = A\pin(H) and b = Apax(H) are the extreme eigenvalues of H, minimizes an
upper bound on the spectral radius of the iteration matrix associated with stationary
scheme (1.1).

Due to its promising performance and elegant mathematical properties, the HSS
scheme immediately attracted considerable attention, resulting in numerous papers
devoted to various aspects of the new algorithm.! In one direction, the method was
extended to the solution of saddle point problems in [8, 9]; see also [1, 6, 13, 22]. No-
tice that, in these problems, the Hermitian part of A is generally singular, requiring a
different convergence analysis. Another natural development, first considered in [8, 9],
was to use the HSS scheme not as a stationary iterative solver but as a preconditioner
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for Krylov subspace methods [21], resulting in a far more efficient and robust class
of solvers. Other significant developments include preconditioned variants of the HSS
iteration, extension to certain singular systems, studies on the optimal selection of
iteration parameters, and application of the HSS preconditioner to specific problems
like convection-diffusion equations, incompressible flow problems, and real formula-
tions of complex linear systems, often with excellent results; see [2, 3, 7, 10, 12] and
the references therein.

A potential difficulty with the HSS approach is the need to solve two linear sys-
tems at each iteration (or at each application of the preconditioner), one with matrix
H + ol and one with matrix S + af; cf. (1.1). The first of these two systems is Her-
mitian positive definite and often well-conditioned (at least for @ not too small), and
its solution does not present great difficulties. The shifted skew-Hermitian system,
however, can be much more problematic; in some cases, its solution is as difficult
as that of the original linear system Axz = b. There are situations where matrix S is
structured in such a way as to make systems involving S+« easy to solve; see [11] for
an example arising in image processing and [10] for one arising in fluid mechanics, as
well as section 4 below. In general, however, this will not be the case. It is, therefore,
not surprising that, beginning with the first HSS paper [5], considerable attention has
been devoted to the use of inexact solves. In a typical situation, the two linear sys-
tems in (1.1) are solved to relatively low accuracy, usually by inner iterative schemes
which could be some preconditioned Krylov iteration or a multigrid method. There
is now considerable evidence that the good convergence properties are preserved even
when the inner solves are performed to rather low accuracy, resulting in considerable
savings, especially for very large problems; see, e.g., [10].

Again motivated by practical considerations, the HSS method was generalized in
[4] by considering splittings of the form A = P + S, where P is positive definite (not
necessarily Hermitian) and S is skew-Hermitian. In particular, it was shown in [4]
that P can be taken to be block triangular, thus making the corresponding alternating
iteration (of the form (1.1), with P replacing H) more practical in many cases.

In this paper, a different generalization of the original HSS scheme is presented,
and some of its basic properties are studied. The idea is to split H into the sum
of two Hermitian positive semidefinite matrices: H = G + K, where K is of simple
form (e.g., diagonal) and to associate K to the skew-Hermitian portion S of A so that
A =G+ (S+ K). The generalized HSS (GHSS) scheme is based on the splittings

A=(G+al)—(al—S—K) and A= (S+K+al)—(al —G).

When either G or K is positive definite, the resulting scheme, which reduces to the
classical HSS method when K = 0, is shown to be convergent for all o > 0; see the
next section. Furthermore, preconditioning can be incorporated into the new scheme
in the same manner as in the standard HSS scheme, often resulting in much faster
convergence. One advantage of the generalized scheme consists in the fact that the
solution of systems with coefficient matrix S+ K + aJ by inner iterations is made eas-
ier, since this matrix is more “diagonally dominant” (loosely speaking) and typically
better conditioned than S + al. The new variant (to be used in the preconditioned
form or as a preconditioner for a Krylov subspace method) was motivated by the type
of matrices that arise in the solution of time-dependent incompressible flow problems,
but it is not restricted to them and can be described in a completely algebraic manner.

The remainder of the paper is organized as follows: in section 2, the GHSS scheme
is described, and some of its properties are discussed. Preconditioned variants are
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considered in section 3. Types of problems for which the GHSS method appears to
be well-suited are described in section 4, and a few numerical tests are discussed in
section 5. Concluding remarks are given in section 6.

2. The GHSS scheme. First, a brief review of the classical HSS iteration is
needed. This method is based on the splitting A = H + S, which, in turn, induces
the two splittings

A=H+al)—(al - 95) and A=(S+al)— (ol —H),

with @ > 0. Alternating between these two splittings yields the HSS iteration (1.1).
Elimination of 1 from the second of (1.1) yields

Tpy1 = Toxk + Pa_lb

(k=0,1,...), where
1
T,=I1-P;'A P,= 2—(H+a])(5+a[).
[0

Here A = P, — (P, — A) is the splitting induced by the HSS iteration, and P, is the
HSS preconditioner. The iteration matrix T, is given by

To=(S+al) ol — H)Y(H +al)  (al - 9),
which is similar to
To = (ol — H)Y(H +al) Yol — S)(S+al)™t.
Hence, the following bound for the spectral radius of T, holds:
p(T) = p (Ta) <|[(al = HY(H + aI)"*|| ||(a] = S)(S + o)™ ,

where ||| denotes the spectral norm. Since (ol —S)(S+al)~! is the Cayley transform
of a skew-Hermitian matrix, it is unitary (see, e.g., [17]), and therefore, it has norm
1. Denoting by o(H) the spectrum of H, it follows that

A=«
2.1 TOL < ?
(2.1) plla) < max S

showing that the method converges for all & > 0. As a consequence, the spectrum of
the preconditioned matrix P, A lies inside the circle of center (1,0) and radius 1 in
the complex plane.

It has been shown in [5] that choosing & = . = \/Amin(H ) Amax(H) leads to the
following CG-like convergence bound:

k(H) -1

(2.2) p(Ta,) < pe = ma

where k(H) is the spectral condition number of H. If the Hermitian part H is only
positive semidefinite (i.e., Amin(H) = 0), then upper bound (2.1) on the spectral radius
becomes p(T,) < 1 and the HSS method may not converge, in general. However, in
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the special case of (generalized) saddle point problems, the method can be shown to
be unconditionally convergent; see [9, Theorem 3.1].

Numerical experiments show that the HSS iteration is especially effective if either
H or S “dominates,” i.e., if either part of A is much larger than the other. For
instance, assume that A = H + 5 = ¢L + 5, where € > 0 is a (small) parameter,
L = L* is positive definite, and S = —S*. Assume further that L and S have been
scaled so that ||L|| = ||S|| = 1. Then

1 1 € o
P, = 2a(sL+aI)(S—|—aI) = 2A—|— 2aLS+ 2[.

This shows that, up to a numerical factor, HSS preconditioner P, can be regarded
as an approximate factorization of coefficient matrix A; for fixed o and for ¢ — 0,
matrix 2P, approaches A + «f, which is a good approximation of A when « is small.
Taking a = /¢ yields a preconditioner that (apart from the factor 1/2) approaches A
as € — 0. This heuristic argument helps explain the good performance of the method
on linear systems with dominant skew-Hermitian part; obviously, a similar heuristic
argument applies in case the Hermitian part dominates.

Consider now the situation where the Hermitian part H can be split as H = e L+ K
(e > 0 small), where L = L* is positive definite and K = K* is positive semidefinite,
possibly singular. For example, K could be a matrix of the form K = oM, where o is
related to a time step, e.g., 0 = O(1/At), and M is a mass matrix or possibly a scaled
identity. In this case, it is easy to see that P, does not yield a good approximation of
A as e — 0 (for any «), and, indeed, the performance of HSS on this type of problem
is sometimes poor. The following extension of the HSS method may be used instead.
Write G = €L and consider the splittings

A=(G+al)— (el —S—K) and A=(S+K+al)—(ad —G),
together with the corresponding alternating iterative scheme

{(G+a1)xk+; =(al =8 — K)zp +b,

(2.3)
(S+K+al)wpr = (ol —G)ayy 1 +b,

(k=0,1,...). The convergence of this iterative process is an easy consequence of the
following classical result, which is known as Kellogg’s lemma. See, e.g., [19, page 13]
for a proof.

LEMMA 2.1. Let A= H+ S, where H =
and o > 0, then

%(A—i— A*). If H is positive semidefinite
|(aI —A)(ad + A)7H| < 1.

If, in addition, H is positive definite and o > 0, then
| (o — A)(a[—i—A)*lH < 1.

The following convergence result holds.

THEOREM 2.2. Let A= (G+ K)+S=H+ S, where G and K are Hermitian
positive semidefinite and S is skew-Hermitian. If either G or K is positive definite,
alternating iteration (2.3) converges unconditionally to the unique solution of Ax = b.

Proof.  Elimination of z;,1 from (2.3) leads to the iterative scheme xj41 =

Ty, + P tb, where
To=S+K+al) Hal -G)(G+al) (al -S—K)=1-P,'A,
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364 MICHELE BENZI
with Py = 5= (G + oI)(S + K + o). Iteration matrix T, is similar to
To=(al —G)G+al) Y (al =S —K)(S+ K +al)™t.
Clearly,
p(Th) = p (Ta) <|[(af = G)(G +al) || |[(a] = S — K)(S + K +al)™!|,

and Lemma 2.1 together with the assumption made on G and K readily implies that
at least one of the two matrix norms on the left-hand side of this expression is strictly
less than 1, with the other being at most 1. Therefore, p(Ty,) < 1 for all @ > 0. a

Some remarks are in order. First of all, it is clear that iterative scheme (2.3) is a
generalization of the standard HSS scheme (1.1), to which it reduces whenever K = 0.

Secondly, if G and K are both positive definite, then iteration matrix T, is similar
to matrix T}, which is the product of two factors (ol — G)(G +al)~! and (al — S —
K)(S+ K +al)~!, both of which are contractions with respect to the spectral norm.
In contrast, in the original HSS method, T, is similar to a matrix Ta, which is the
product of contraction times an isometry. This is not enough to conclude that the
new scheme converges (asymptotically) faster than the standard HSS iteration, and,
indeed, one can find examples where the spectral radius is smaller for the HSS scheme
than for the GHSS one, as well as examples where the converse is true. Hence, no
general comparison theorem is possible for the spectral radii associated with the two
iterations. Nevertheless, it is possible to give some idea of when GHSS can be expected
to perform better than HSS. As a simple example, let n = 100, and let A = G+ K+ 5,
where G = ¢L, with e = 107! and

2 1 0 0 0.1 0
=t " Cog=| o . K=10"'1,.
o 1 01
0 12 0 01 0

Then, for @ = 0.1, the spectral radius of the iteration matrix is p = 0.5347 using
standard HSS splitting and p = 0.3195 using GHSS splitting. It is instructive to
interpret the corresponding preconditioner

1
P, = %(aL—FaI)(S—FK—FaI)

as an approximate factorization of A. Indeed, expanding the product yields
1 € «
Po=-A+ —L(S+K)+ 1.
2 + 20 (S+EK)+ 2

Again, this shows that, up to a numerical factor, the new preconditioner P, can be
regarded as an approximate factorization of the coefficient matrix A; for fixed o and
for € — 0, matrix 2P, approaches A + al, which is a good approximation of A when
a is small. Again, taking o = /¢ yields a preconditioner that (apart from the factor
1/2) approaches A as e — 0. This is not true, however, for the HSS preconditioner
Py=3A+ 5(cL+ K)S+ %I

A few comments are in order concerning the “optimal” choice of the parameter a.
In the literature, a great deal of effort has been put into determining the value of «,
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which minimizes the spectral radius of the iteration matrix 7, or some upper bound
on it. Such estimates on « can be given for the GHSS method using, for example,
the approach detailed in [19, Chapter 4]. However, the practical usefulness of such
estimates is questionable. First of all, the estimated value of « usually depends on
spectral information that may not be accessible, such as the extreme eigenvalues of H
(or, in the case of the GHSS method, of G). Second, minimizing the spectral radius or
an upper bound on it does not always result in the best choice of a when the stationary
iteration is accelerated by a Krylov method; see, e.g., the analysis and examples in
[8]. Furthermore, when these techniques are used as preconditioners, the exact value
of o is not as important as when the algorithms are used as iterative solvers. Since
Krylov acceleration dramatically improves the rate of convergence of these methods
(with a largely negligible increase in cost per iteration), there is little reason to try
to estimate the “optimal” value of a. Experience suggests that in most applications
and for an appropriate scaling of the problem, a “small” value of « (usually between
0.01 and 0.5) gives good results.

As already mentioned, the main potential advantage of the GHSS scheme over
the classical one is the fact that the solution of linear sytems with coefficient matrix
S+ K + al, where K # 0 is positive semidefinite and of simple form (e.g., diagonal
or block diagonal with blocks of small size, or perhaps banded) can be expected to
be less expensive than in the classical HSS scheme (K = 0) in the common situation
where inner iterative solvers are used. For example, when K is a nonnegative diagonal
matrix, the corresponding system will have a “heavier” diagonal and be better con-
ditioned. Of course, the solution of systems involving matrix H + «l is now replaced
by the solution of systems with matrix G + o, which now has a somewhat “weaker”
diagonal and could be somewhat less well-conditioned. However, linear systems with
matrix G+ o will typically be still fairly easy to solve, since this matrix is Hermitian
positive definite and efficient solvers exist for problems of this kind. Some examples
are considered in section 4.

3. Preconditioned GHSS iteration. As already mentioned, the HSS iteration
is a stationary iteration that can be accelerated by a nonsymmetric Krylov subspace
method like GMRES, and the same is true of GHSS. In other words, the matrices P,
induced by HSS and GHSS can be used to precondition system Ax = b.

It is also possible, however, to take a different approach and to apply the sta-
tionary HSS scheme to the symmetrically preconditioned system B~*AB~*(B*z) =
B~1b. Here A = H+ S is assumed to be positive real, and the (nonsingular) matrix B
should be chosen so that the Hermitian positive definite matrix P = BB* is spectrally
equivalent to H; that is, the condition number of H =B 'HB *is independent of
problem parameters, such as mesh size h for linear systems arising from PDEs. It
follows then from bounds (2.1)-(2.2) (with H replacing H) that the asymptotic rate of
convergence of the preconditioned HSS (PHSS) iteration is independent of h; the pa-
rameter a can be taken simply to be 1. Remarkably, nonnormality effects do not play
a role here [12], and the asymptotic rate of convergence is indeed the actual rate of
convergence of the iteration. These properties make the PHSS method especially ap-
pealing for the solution of linear systems arising from finite difference or finite element
discretizations of convection-diffusion equations, since, for this class of problems, fast
Poisson solvers (or multigrid iterations) provide optimal preconditioners P that can
be efficiently implemented. It is straightforward to see [9, 12] that the PHSS iteration
is mathematically equivalent to the alternating iteration based on the splittings

A=(H+aP)—(aP—-5)=(S+aP)— («P - H).
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See [12] and [6] for detailed analyses and discussions of the PHSS method and its
variants.

It is possible to develop a preconditioned GHSS method (PGHSS for short), along
the same lines. Let A= H + S and H = G + K, with G Hermitian and positive def-
inite. If P = BB* denotes a preconditioning matrix which is spectrally equivalent
to G, then applying the GHSS iteration to the symmetrically preconditioned system
B7YAB~*(B*x) = B7!b results in an iterative process with asymptotic rate of con-
vergence bounded independently of h; once again, one can simply take o = 1 for
the convergence parameter. The PGHSS scheme is mathematically equivalent to the
alternating iteration based on the splittings

A= (G+aP)—(aP - K —8S)=(S+K +aP) — (aP — H).

Much of the analysis and observations in [12] concerning the PHSS method carry
over, essentially without changes, to the PGHSS method. Some applications of
this scheme to unsteady convection-diffusion equations and to reaction—convection-
diffusion equations are considered in the next section.

4. Some applications of the new scheme. In this section, some applications
of the GHSS preconditioner and of the preconditioned GHSS method are discussed,
with a focus on problems arising in computational fluid dynamics.

4.1. Saddle point problems. As already noted, the HSS preconditioner has
been successfully tested on problems from incompressible fluid dynamics; see, in par-
ticular, [10, 18]. An important example is given by the unsteady Navier—Stokes equa-
tions:

(4.1) 88—1;—VAu—|—u-Vu—|—Vp:f in Qx[0,7T7],

(4.2) divu=0 in Qx[0,7],

where v > 0 is the kinematic viscosity, @ C R? is an open bounded region with
sufficiently smooth boundary 9, [0, 7] is a time interval, u is the unknown velocity
field, and p is the pressure. The unknown functions u = u(x,t) and p = p(x,t) are
subject to suitable boundary and initial conditions. When implicit methods are used
to integrate (4.1)—(4.2) in time and a simple linearization is applied, a sequence of
semidiscrete, linear boundary value problems of the form

(4.3) ou—vAu+w-Vu+Vp=f in Q,
(4.4) divu=0 in €,
(4.5) u=g on 0N

is obtained. This problem is often referred to as the generalized Oseen problem. Here
w is a given divergence-free vector field (the “wind”), and o > 0 is related to the time
step At, for example, 0 = O(1/At). In the three-dimensional (3D) case, this is a sys-
tem of four partial differential equations, to be solved for unknowns u = (u, v, w) and
p. For ¢ = 0, the steady-state case is obtained. For w = 0, problem (4.3)—(4.5) re-
duces to the generalized Stokes problem, which is also of considerable importance in the
numerical solution of the unsteady Navier—Stokes equations; see [16] or [20] for details.

Space discretization of the generalized Oseen problem (4.3)—(4.5) by finite differ-
ence or finite element schemes leads to a large, sparse linear system in saddle point
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form:

A BT u f

4o e -]

Here A = oM +vL+ N is the discrete counterpart of operator 0 —vA+w-V. Matrix
L is symmetric positive definite (SPD) and consists of a direct sum of discrete Laplace
operators. Skew-symmetric matrix N contains the first-order (convective) terms; note
that N = 0 for the generalized Stokes problem. Also, M is a mass matrix, possibly
a scaled identity. (Rectangular) matrix BT is the discrete gradient, and —B the
discrete divergence operator. Finally, C' is a symmetric positive semidefinite pressure
stabilization matrix; usually C' = 0 for div-stable discretizations [16]. The (1,1) block
A has dimensions n x n, while (2,2) block C' is mxm, with n > m. Rather than writing
the saddle point system in the equivalent indefinite formulation (with B instead of
—B in the (2,1) block and —C' instead of C in the (2,2) block), the nonsymmetric
positive semidefinite formulation (4.6) is used here in order to easily form the HSS
and GHSS splittings. The standard HSS method is based on the splittings

[ oM+vL+N BT | _ [ oM+vL+al 0 [ ar-N -BT
-B c | 0 C+al B al
and
[ oM+vL+N BT | [ N+ol B"| [al-oM—-vL 0
-B c | | -B o 0 al —C

In contrast, the GHSS method is based on the splittings

oM+vL+N B" | | vL+al 0 | al-ocM-N -B"
-B c | 0 C+al B al

and

ocM+vL+N B" | | oM+N+aol B" | | al—vL 0
-B c | -B C+al 0 al - C

Therefore, the difference between HSS and GHSS preconditioning amounts to the
structure of the systems to be solved at each application of the preconditioner. HSS
requires first solving two decoupled SPD linear systems, one with coefficient matrix
oM +vL+al and the other with matrix C+«l, followed by a shifted skew-symmetric
linear system of the form

@7 {N+al BT]{u}:[c].
-B ol D d

For 3D problems, the first SPD system decouples into four independent linear systems
that are strongly diagonally dominant and rather well-conditioned; in an inexact
implementation, just one or two iterations of multigrid or preconditioned CG (PCQG)
are usually enough to achieve a sufficiently accurate solution, in the sense that the
accuracy is enough to preserve the rate of convergence of the outer iteration.

The second system (4.7) is more complicated. For the generalized Stokes problem
(N =0), it can be reduced to the solution of a much smaller (m x m) system involving
the Schur complement ol + éBBT. This system is also SPD and is essentially a
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discrete analogue of a (shifted) Poisson-type equation; it can be solved efficiently by
CG or by multigrid. When N # 0, however, such reduction is not possible, since the
corresponding Schur complement matrix is now dense, and coupled system (4.7) must
be solved by a Krylov method like preconditioned GMRES.

With the GHSS method, the first system to be solved also decouples into a set
of independent systems with SPD matrices that are well-conditioned and often diag-
onally dominant. The second system can also be reduced, in the case N = 0, to a
much smaller one involving the Schur complement ol + B(al + M)~ 1BT. If M is
a diagonal matrix (such as a scaled identity), this matrix can be explicitly formed. If
M is not diagonal, for the purpose of constructing a preconditioner, it can be approx-
imated by a diagonal matrix, by either lumping or simply by replacing M with its
diagonal. The resulting system is very easy to solve; in an inexact implementation,
one or two steps of an inner PCG iteration usually suffice.

As before, when N # 0, no explicit Schur complement reduction is available, and
a coupled system of the form

oM+ N +al BTHu]: {c}

(4.8) —B ol P d

must be solved at each iteration. Fortunately, the presence of matrix oM in the (1,1)
block tends to make this system easier to solve than the one arising from the standard
HSS method (cf. (4.7)), where the term oM is not present (since it is included in the
symmetric part). A few numerical experiments in support of this claim are presented
in the following section.

It is worth mentioning that the (exact) GHSS iteration can be shown to be un-
conditionally convergent for saddle point problems of type (4.6), thus generalizing
Theorem 3.1 in [9]. The formal statement is as follows.

THEOREM 4.1. Assume that A € R™ ™ has positive definite symmetric part
H = (A+ AT)/2, B € R™" has full row rank, and that C = CT € R™X™ s
positive semidefinite. Assume further that H is split as H = G+ K, with G SPD and
K positive semidefinite. Then the GHSS iteration converges unconditionally to the
unique solution of problem (4.6).

The proof is a straightforward modification of the one given in [9, Theorem 3.1]
and is omitted. See also [18, pages 61-65] for a special case.

4.2. Convection-diffusion equations. Here we consider two types of prob-
lems, both of which can be solved with the PGHSS method. The first one is the
unsteady convection-diffusion equation

(4.9) % —div(aVu) +pug +quy,=f in QxI[0,1],

complemented by suitable initial and boundary conditions. Here the coefficients a,
p, q, and the right-hand side f are functions of = € ) and possibly of time ¢; the
diffusion coefficient a = a(z,t) is assumed to be uniformly positive in Q x [0,77],
where [0, 7] is the time interval of interest. Problem (4.9) is two-dimensional (2D),
but 3D problems could be considered as well. The second type of problem is the
(steady) convection-diffusion-reaction equation of the form

(4.10) —div(aVu) +pugs+quy+ru=f in Q,

with suitable boundary conditions. Here a, p, ¢, r, and f are functions of z € ), with
a = a(z) uniformly positive and r = r(z) nonnegative in Q. Discretization of problems
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(4.9) and (4.10) by finite differences or finite elements leads to linear systems of the
form Az = b, with A positive real. For both problems (4.9) and (4.10), the symmetric
part H of A has natural splittings H = G + K, where G represents a discretization of
the second-order diffusion term and K stands for a (discrete) zeroth-order operator.
Unsteady convection-diffusion-reaction problems combining features of both (4.9) and
(4.10) may also be considered, but they are not essentially different from (4.9).

Both PHSS and PGHSS methods can be applied to the solution of the resulting
linear systems. Assuming centered finite differences (with a sufficiently fine mesh) are
used to discretize problems (4.9) and (4.10), it can be shown that the conditioning
of matrix G behaves like h=2 for h — 0. The same holds for many standard finite
element schemes. The condition number of matrix H = G + K arising from the
discretization of (4.10) is also O(h~2), since K becomes negligible relative to G when
h — 0. A “good” preconditioner P should be spectrally equivalent to G + K or to
G. Hence, PHSS and PGHSS require a preconditioner for a “nice” Helmholtz-like
equation of type —div(aVu) + ru = f or a preconditioner for the steady diffusion
equation —div(aVu) = f. A multigrid or fast Poisson solver can be used in either
case. In alternative, incomplete factorizations can be used, but these will not result in
h-independent convergence of the inner iterations. A theoretical comparison of PHSS
with PGHSS seems to be very difficult to carry out, also in view of the fact that many
different choices are possible for preconditioning matrix P, which could be different
for the two methods. If the same preconditioner P is used, the difference between
the two approaches can be expected to disappear for h — 0, since, in this limit, the
difference between P~1G and P~!(G + K) vanishes. Note that the “size” of reaction
term r will also play a role here; the larger r is, the smaller A must be taken before
the difference between the two methods becomes negligible.

Next, the linear systems arising from (implicit) time and space discretizations of
problem (4.10) are considered. Now G represents a discretization of the differential
operator —div(aV) so that the conditioning of G behaves like h=2 for h — 0. On
the other hand, K is typically of the form M/At, where M is a mass matrix and
At denotes the time step. For many of the standard time discretization schemes,
At = O(h); therefore, the conditioning of H = G + K behaves like h=1 for h — 0. Tt
is clear, however, that the difference between G and G+ K decreases as h — 0. Again,
a preconditioner P spectrally equivalent to G + H can be implemented efficiently and
can be expected to yield h-independent convergence rates.

Some numerical experiments illustrating the performance of PHSS and PGHSS
on a specific example are discussed in the next section.

5. Numerical experiments. In this section, some numerical experiments are
discussed, with the goal of showing the potential of the new schemes.

The first set of experiments concerns the generalized Stokes problem, i.e., problem
(4.3)—(4.5) with w = 0. In Table 5.1, numerical results are reported for flexible
GMRES (FGMRES, see [21]) with an inexact variant of the GHSS preconditioner.
The discrete saddle point problems were generated in this case by the marker and
cell (MAC) finite difference discretization on a 40 x 40 x 40 grid for different values
of o and v. This discretization is known to be div-stable so that C' = 0 in (4.6).
Homogeneous Dirichlet boundary conditions were imposed on the velocities. Here
Q = [0,1] x [0,1] x [0,1]; the discrete problem has over 250,000 unknowns. The
parameter o was set to 0.5, and a zero initial guess was used. The outer iteration
was stopped when a reduction of the initial residual by six orders of magnitude was
reached. For the inexact inner solves, the CG algorithm with incomplete Cholesky

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



370 MICHELE BENZI

TABLE 5.1
Iteration count for 3D generalized Stokes problem, inexact variant.

o vr=01 v=0.01 vr=0001 v=10"°6
1 45 27 16 13
10 32 19 15 12
20 30 18 14 11
50 28 15 13 11
100 25 14 12 10
TABLE 5.2

Results for 3D generalized Stokes problem, v = 0.001, o0 = h~ 1.

Grid n m Iterations CPU time
10 x 10 x 10 | 2,700 1,000 12 0.42
20 x 20 x 20 | 22,800 8,000 12 4.66
30 x 30 x 30 | 78,300 27,000 12 20.97
40 x 40 x 40 | 187,200 64,000 13 66.02

preconditioning was employed throughout; the incomplete factorization used drop
tolerance 7 = 0.001. The inner iterations were stopped as soon as a reduction of
the initial residual by one order of magnitude was attained. This required only 1-2
PCG iterations per inner linear solve. The iteration counts, which can be shown to
be largely independent of the grid size, improve for increasing o and decreasing v.

Table 5.2 shows timings (in seconds) for a generalized Stokes problem with v =
0.001 for different grids. Here o = h~!, where h denotes the grid size. GHSS precon-
ditioning with o = 0.5 is used. In the table, the dimensions n and m and the total
number of FGMRES iterations are also indicated. The test runs were done on one
processor of a SunFire V880 workstation with 8 CPUs and 16 GB of memory. These
results show the good performance of the GHSS preconditioner. On this problem, the
standard HSS preconditioner gives similar results.

The next experiments show that for more difficult problems, such as the Oseen
problem, the GHSS approach can outperform the standard HSS preconditioner. The
underlying application is the classical leaky-lid driven cavity problem. The matrices
were generated using the IFISS Matlab toolbox [15]. The discretization was obtained
using quadrilateral Q1-P0 elements on the unit square (uniform grid). Pressure sta-
bilization was used, hence, C' # 0. For a 32 x 32 mesh, the matrix dimensions were
n = 2,178 and m = 1,024 for a total of 3,202 unknowns. The default values v = 0.01
and 3 = 0.25 were used for the viscosity and stabilization parameters, respectively.
IFISS scales the resulting matrices so that the symmetric part of the saddle point
matrix in (4.6) has norm 1 (using the infinity norm), while the skew-symmetric part
has norm 0.25. To simulate a generalized Oseen problem, a matrix of the form oM
was added to the (1,1) block, where o ~ h™! (h denotes the mesh size) and M was
the mass matrix for the velocity space. The matrix ¢ M has norm 0.1.

Table 5.3 contains results for the HSS and GHSS preconditioners. The outer
iteration was (full) GMRES, with a convergence tolerance of 1075, The symmetric
and nonsymmetric linear systems arising at each application of the preconditioner
were solved by PCG and by GMRES, respectively, with a rather tight convergence
tolerance (also set to 107%). The inner PCG iteration was preconditioned by an in-
complete Cholesky factorization, and the inner GMRES iteration was preconditioned
by an incomplete LU factorization; in both cases, the drop tolerance was set to 0.01.
The table reports the number of outer preconditioned GMRES iterations, the average
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TABLE 5.3
Results for 2D generalized Oseen problem, v = 0.01.

Preconditioner Outer its. PCG/outer GMRES/outer Total inner

HSS(a = 0.04) 47 3 5 376

GHSS(a = 0.01) 25 2 4 150

HSS(a = 0.01) 67 2 12 938

GHSS(a = 0.04) 44 2 5 308
TABLE 5.4

Number of nonzeros in the incomplete factors.

Preconditioner Incomplete Cholesky  Incomplete LU
HSS(a = 0.04) 8,438 84,214
GHSS(a = 0.01) 15,166 132,295
HSS(a = 0.01) 11,546 179,437
GHSS(a = 0.04) 11,546 82,221

number of inner PCG and ILU-GMRES iterations, and the total number of inner
iterations. The values of « that result in the fastest convergence, determined exper-
imentally using 10~2 increments, were found to be o = 0.04 for HSS and a = 0.01
for GHSS. Results for GHSS with the value a = 0.04 and for HSS with the value
a = 0.01 are also included in Table 5.3 (bottom half), so as to allow a comparison of
the two preconditioners for the same value of a.. It is clear that, for this problem, the
GHSS preconditioner is better, both in terms of rate of convergence and in terms of
work per iteration. Even with a suboptimal value of a, the GHSS preconditioner can
outperform the optimally tuned HSS preconditioner.

The results in Table 5.3 correspond to what are essentially exact variants of the
two preconditioners. Substantial savings in overall work can be obtained by solving
the subproblems arising at each iteration inexactly rather than exactly. Numerical
experiments indicate that an inner convergence tolerance of 102 is generally enough
to preserve the rate of convergence of the outer iteration. Of course, GMRES must
now be replaced by flexible GMRES. With the inexact variants, the number of outer
iterations is essentially unchanged from those reported in Table 5.3, while the average
number of inner PCG and ILU-GMRES is reduced to about four (= 1 PCG +3 ILU-
GMRES) for the HSS method and to about three (= 1 PCG +2 ILU-GMRES) for
GHSS when the value a = 0.04 is used. The total number of inner iterations is about
188 for inexact HSS preconditioning and about 132 for inexact GHSS preconditioning.

Of course, the total cost of the preconditioned iterations also depends on the
amount of fill-in in the incomplete factors. This information is provided in Table 5.4,
where the number of nonzeros in the incomplete Cholesky and ILU factors for the
two methods is shown. The ILU factors of the nonsymmetric matrices arising from
both HSS and GHSS preconditioning tend to incur rather high fill-in with the original
ordering; the numbers reported in the table are for the reverse Cuthill-McKee order-
ing. In contrast, the incomplete Cholesky factorizations incurred modest amounts of
fill-in, so the original ordering was used. Note that the system matrix itself contains
35,266 nonzero entries. The results in Table 5.4 show that when the value oo = 0.04
is used for both preconditioners, the overall storage requirements are very similar;
shifting the mass matrix from one side to the other of the splitting leads to a some-
what higher fill-in in the incomplete Cholesky factor, which is nearly compensated
by a corresponding decrease in the fill-in for the ILU factors. On the other hand,
for this problem, the “optimal” value of « (in terms of number of outer iterations)
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TABLE 5.5
PGHSS results for unsteady 2D convection-diffusion equation (5.1), At = h.

Grid PGHSS its. PCG/outer GMRES/outer
16 x 16 6 21 8
32 x 32 5 18 8
64 x 64 6 12 7
128 x 128 5 9 8
TABLE 5.6

PHSS results for unsteady 2D convection-diffusion equation (5.1), At = h.

Grid PHSS its. PCG/outer GMRES/outer
16 x 16 57 16 11
32 x 32 34 13 12
64 x 64 23 10 12
128 x 128 12 7 12

is smaller for GHSS than for HSS, and this translates to higher fill-in in the GHSS
incomplete factors overall; see the second row of Table 5.4. This higher fill-in, how-
ever, is more than compensated by the considerably smaller number of total inner
iterations required by the optimal GHSS method; cf. Table 5.3, second row.

We conclude this section with a few numerical experiments illustrating the so-
lution of discretized convection-diffusion equations by means of the preconditioned
GHSS method. The underlying equation is of the form

2 2

(5.1) %—100%—1—2—;—#100%—1—100%:]” in Q x[0,T],

with = [0,1] x [0,1] and with zero Dirichlet boundary conditions and suitable ini-
tial condition. A uniform QI finite element scheme with streamline-upwind Petrov—
Galerkin (SUPG) stabilization [15, 16] is used for the spatial discretization. Dis-
cretization in time is achieved by a simple backward Euler method with time step
At = h, where h is the mesh size. This leads to linear systems of the form Az = b,
where A= H+S = (G+K)+S. Here G = G7 is the discretization of the anisotropic
Laplacian, S = —S7 is the discretization of the first-order terms, and K = KT = oM,
where ¢ = h™! and M is the mass matrix. A good preconditioner for this problem is
P = L + K, where L is the isotropic Neumann Laplacian. As discussed in [12], the
parameter a can be simply chosen to be 1.

Results for the PGHSS method using a sequence of grids are given in Table 5.5.
The corresponding linear systems range in size from 289 x 289 to 16,641 x 16,641;
SUPG stabilization is needed only for the two coarser meshes. The table reports the
number of (stationary) PGHSS iterations needed to reduce the initial residual by six
orders of magnitude, the average number of inner PCG iterations (with preconditioner
P), and the average number of GMRES iterations (also with preconditioner P). The
inner systems are solved to a relative residual tolerance of 10~7. The expected h-
independent behavior of the outer iteration is clear from these results. The inner
preconditioned GMRES iteration is also h-independent, whereas the number of inner
PCG iterations actually decreases as the mesh is refined.

For completeness, results for the PHSS iteration are given in Table 5.6, using the
same preconditioner P. The number of PHSS iterations, rather than being constant,
decreases as h — 0. For coarse grid problems, the number of iterations is much
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higher than for PGHSS, but the difference between the two methods decreases as
the mesh is refined. The theory predicts that asymptotically as A — 0, the number
of iterations for PHSS should settle around a constant value, independent of h [12];
although numerical experiments with very fine meshes could not be performed due
to storage limitations, it is likely that the number of iterations in the limit should be
about 6, the same as for PGHSS, since for h sufficiently small, the difference between
G and H = G + K becomes negligible.

Note the behavior of the inner PCG and GMRES iterations for PHSS. While the
number of inner PCG iterations per outer iteration is somewhat smaller compared to
PGHSS, the number of inner GMRES iterations is somewhat higher. This is also as
expected, since the SPD systems arising from HSS are somewhat better conditioned
than those for GHSS, while the situation is the opposite for the nonsymmetric systems.

Finally, it should be observed that the preconditioner P = L 4+ K is inexpensive
to apply. On the finer grid, it was found that just 3—4 iterations of PCG (with
preconditioner K') are enough to solve linear systems involving P to a relative residual
tolerance of 1077,

Although the PGHSS method appears to be superior to GHSS for this particular
test problem, it is difficult to compare the two approaches in general. The behavior
of the two methods is obviously problem dependent, and it can be expected to be
different for different choices of preconditioner P. Further work is needed to better
understand when one method can be expected to outperform the other. However,
it would seem that PGHSS has excellent potential for solving linear systems arising
from time-dependent problems.

6. Conclusions. In this paper, a generalization of the HSS splitting method of
Bai, Golub, and Ng has been described. The exact version of the new scheme has
been shown to be unconditionally convergent. Similar to the PHSS method, the con-
vergence rate of the GHSS scheme can be greatly improved by preconditioning. The
new method can also be accelerated by a (flexible) Krylov subspace method with in-
exact inner solves. The new scheme has the advantage of replacing the solution of the
shifted skew-symmetric system in the HSS method by the solution of an easier (i.e.,
more diagonally dominant, better conditioned) system. Numerical tests with unsteady
incompressible flow problems and with convection-diffusion equations have been pre-
sented showing the effectiveness of the new approach. The proposed preconditioner
should also be applicable, in principle, to other types of equations, including time-
dependent problems in electromagnetics and systems of diffusion-convection-reaction
equations.

Acknowledgments. I would like to thank the anonymous referees for helpful
suggestions and Jia Liu for writing the Matlab code used in the numerical experiments
for the generalized Stokes problem.

REFERENCES

(1] Z. Z. Ba1 AND G. H. GoOLUB, Accelerated Hermitian and skew-Hermitian splitting iteration
methods for saddle-point problems, IMA J. Numer. Anal., 27 (2007), pp. 1-23.

[2] Z.Z. Bal, G. H. GorLuB, AND C.-K. L1, Optimal parameter in Hermitian and skew-Hermitian
splitting method for certain two-by-two block matrices, STAM J. Sci. Comput., 28 (2006),
pp. 583-603.

[3] Z. Z. Bal, G. H. GorLuB, AND C.-K. L1, Convergence properties of preconditioned Hermitian
and skew-Hermitian splitting methods for non-Hermitian positive semidefinite matrices,
Math. Comp., 76 (2007), pp. 287—298.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



374

[4]

[5]

[6]

7]
(8]
[9]
[10]
[11]

[12]

Z.

7.

7.

M.

o 2 g2 £

MICHELE BENZI

Z. Ba1i, G. H. GoruB, L.-Z. Lu, AND J.-F. YIN, Block triangular and skew-Hermitian
splitting methods for positive-definite linear systems, SIAM J. Sci. Comput., 26 (2005),
pp. 844-863.

Z. Ba1i, G. H. GoLuB, AND M. K. NG, Hermitian and skew-Hermitian splitting methods for
non-Hermitian positive definite linear systems, STAM J. Matrix Anal. Appl., 24 (2003),
pp. 603-626.

Z. Ba1i, G. H. GoLuB, AND J. Y. PAN, Preconditioned Hermitian and skew-Hermitian
splitting methods for non-Hermitian positive semidefinite linear systems, Numer. Math.,
98 (2004), pp. 1-32.

BENzZI AND D. BERTACCINI, Block preconditioning of real-valued iterative algorithms for
complex linear systems, IMA J. Numer. Anal., 28 (2008), pp. 598-618.

. BEnzi, M. J. GANDER AND G. H. GoLuB, Optimization of the Hermitian and skew-

Hermitian splitting iteration for saddle-point problems, BIT, 43 (2003), pp. 881-900.

. BEnzI AND G. H. GOLUB, A preconditioner for generalized saddle point problems, STAM

J. Matrix Anal. Appl., 26 (2004), pp. 20-41.

. BENzI AND J. Liu, An efficient solver for the incompressible Navier—Stokes equations in

rotation form, SIAM J. Sci. Comput., 29 (2007), pp. 1959-1981.

. BENzI AND M. K. NG, Preconditioned iterative methods for weighted Toeplitz least squares

problems, SIAM J. Matrix Anal. Appl., 27 (2006), pp. 1106-1124.

. BERTACCINI, G. H. GOLUB, S. SERRA-CAPIZZANO, AND C. TABLINO-POSS10, Preconditioned

HSS methods for the solution of non-Hermitian positive definite linear systems and applica-
tions to the discrete convection-diffusion equation, Numer. Math., 99 (2005), pp. 441-484.
C. CHAN, M. K. N, AND N. K. TsING, Spectral analysis for HSS preconditioners, Nu-

mer. Math. Theor. Methods Appl., 15 (2006), pp. 1-18.

H. CHAN, C. GREIF, AND D. P. O’LEARY (EDS.), Milestones in Matriz Computations.
The Selected Works of Gene H. Golub With Commentaries, Oxford Science Publications,
Oxford University Press, Oxford, UK, 2007.

C. ELMAN, A. RAMAGE, AND D. J. SILVESTER, Algorithm 866: IFISS, a Matlab toolbox for
modelling incompressible flow, ACM Trans. Math. Software, 33 (2007), article 14.

C. ELMAN, D. J. SILVESTER, AND A. J. WATHEN, Finite Elements and Fast Iterative Solvers,
Numer. Math. Sci. Comput., Oxford University Press, Oxford, UK, 2005.

A. HorN AND C. R. JOHNSON, Topics in Matriz Analysis, Cambridge University Press,
Cambridge, UK, 1991.

. L1u, Preconditioned Krylov Subspace Methods for Incompressible Flow Problems, Ph.D. the-

sis, Department of Mathematics and Computer Science, Emory University, Atlanta, 2006;
also available online at http://www.uwf.edu/jliu/research.htm.

I. MARCHUK, Methods of Numerical Mathematics, Springer-Verlag, New York, 1984.
QUARTERONI AND A. VALLI, Numerical Approzimation of Partial Differential Equations,
Springer-Verlag, Berlin, 1994.

SAAD, Iterative Methods for Sparse Linear Systems, Second Edition, STAM, Philadelphia,
2003.

SIMONCINI AND M. BENZI, Spectral properties of the Hermitian and skew-Hermitian splitting
preconditioner for saddle point problems, SIAM J. Matrix Anal. Appl., 26 (2004), pp. 377—
389.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


