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1 Introduction

Saddle point problems arise frequently in many applicatiarscience and engineer-
ing, including constrained optimization , mixed finite elembformulations of partial
differential equations, circuit analysis , and so fortidéed the formulation of most
problems with constraints gives rise to saddle point systdinis paper provides a
concise overview of iterative approaches for the solutibsuch systems which are
of particular importance in the context of large scale cotapon. In particular we
describe some of the most useful preconditioning techisidaeKrylov subspace
solvers applied to saddle point problems, including bloc# eonstraint precondi-
tioners.

Many applied problems can be stated in the form of constdammimization
problems. Frequently, such problems are infinite-dimeradiand highly nonlinear.
Discretization results in finite-dimensional problems ofjasize. These problems
are usually replaced by a sequence of quadratic minimizagioblems subject to
linear equality constraints:

min J(u) = JuTAu—fTu 1)
subject toBu=g. 2)

HereA e R™" is symmetric positive semidefinite, aBd R™", withm< n; f € R"
andg € R™ are given vectors. The first-order optimality conditions given by the

linear system
55] 61 -[a) ®

In (3), p € R is a vector of Lagrange multipliers . Linear systems of thenf¢3)
are known asaddlepointproblems, since any solutidm, p) of (3) is a saddle point
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of the Lagrangian function
£(u,p)=3u"Au—fTu+ (Bu—g)p.

Large linear systems in saddle point form also arise frorefiehtly discrete physical
models, such as mechanical structures [41] and RCL cirfLifls
More generally, we consider linear systems of the form

A [E M

with A andB as before an@ € R™™ symmetric and positive semidefinite. Systems
of the form (4) with a nonzero (2,2) block arise, for instanioéhe context of interior
point methods for constrained optimization [32]. Other eglewn are provided by
mixed finite elements for incompressible flow problems, whenmeform of pressure
stabilization is included in the discretization [13], ang the modeling of slightly
compressible materials in linear elasticity theory [7].

Typically, 2 is large and sparse and (4) must be solved iteratively, lyshgl
means of Krylov subspace algorithms [42]. Unfortunately, Kwyinethods tend to
converge very slowly when applied to saddle point systemsgand precondition-
ers are needed to achieve rapid convergence. In the lastdars ymuch work has
been devoted to developing effective preconditionersdoide point systems. The
goal of this paper is to provide a concise overview of suchn@ues. Due to space
limitations, we focus mainly on three widely applicable ctssf preconditioning
techniques: block diagonal (or triangular) preconditisneonstraint precondition-
ers, and HSS preconditioning. For a more extensive surveyesitand other tech-
niques, see [3]. See further [13] for a thorough discussfaaddle point problems
arising in fluid dynamics.

2 Properties of saddle point systems

If Ais nonsingular, the saddle point matrixadmits the following block triangular

factorization:
2= [A BT] [ I O][AO][!I ABT 5)
“|B-C| |[BAtI||OS||O I ’

whereS= —(C+BA~!BT) is the Schurcomplement ofA in 2. Several important
properties of the saddle point mateix can be derived on the basis of (5). To begin
with, it is clear thata is nonsingular if and only ifS is. Furthermore, since (5)
defines a congruence transformation, we seehiatindefinite withn positive and
m negative eigenvalues K is symmetric positive definite (SPD).

There are some important applications in whicls symmetric positive semidef-
inite and singular, in which case there is no block factoiiradf the form (5). If
C = O andB has full rank, them is invertible if and only if the null spaces &
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andB satisfy o¢ (A) N (B) = {0}. In this casez is, again, indefinite wittn posi-

tive andm negative eigenvalues. In some important applicativiss SPD andB is
rank deficient and the linear system (4) is singular but ctest. Generally speak-
ing, the singularity ofa does not cause any serious problem for iterative solvers;
see [13, Section 5.3] for a discussion.

Itis interesting to note that the simple stratagem of chagtie sign of the lash
equationsin (4) leads to a linear system with completeledifiit spectral properties.
Indeed, assuming thétis SPD andC is symmetric positive semidefinite, it is easy
to see that the (nonsymmetric) coefficient matrix

R T
ﬂz[—ABBc] (©)

is positive definite, in the sense that its spectrum is costhin the right half-plane
O(2) > 0. Hence—2 is astable matrix, an important property in circuit modeling;
see [17, Section 4.3]. Furthermore, when certain (reasepabhditions orA, B
andC are met, it can be shown thatis diagonalizable and has all the eigenvalues
real and positive. In other words, there exists a nonstahidaer product orR™™
relative to whicha is SPD; see [5] for details.

Regardless of the formulation of the saddle point systemn(sgtric indefinite
or nonsymmetric positive definite), the convergence of Kindabspace methods is
almost always extremely slow unless a good preconditianavailable.

3 Preconditioned Krylov subspace methods

The well-known Conjugate Gradient method [25] which is widelydug® the it-
erative solution of symmetridefinite matrix systems is not in general robust for
indefinite matrix systems. The main iterative approachesnidefinite matrix sys-
tems are the MINRES and SYMMLQ algorithms [31] which are basetherLanc-
zos procedure [28]. These algorithms (see [14] for a comgreikie and accessible
description) require any preconditioner to be symmetrid pasitive definite. An
alternative, which allows the use of symmetric and indefinitecpnditioning (but
has less clear theoretical convergence properties) isyher@tric QMR (SQMR)
method [19]. Even for indefinite problems, however, Conjadatadient methods
can be employed with specific types of preconditioner: sesdhton on Constraint
Preconditioning below.

The important feature of all of these methods is that at echtion only one
matrix times vector multiplication and a small number ofteeoperations (dot prod-
ucts and vector updates) are required. For sparse or stedatoatrices, the matrix
times vector product may be efficiently computed and so thie imaue concerning
the overall computational work in the iterative solutioredfnear system with such
methods is the number of iterations it takes for convergémem acceptable accu-
racy. Preconditioning is usually vital to ensure that thisnber is kept acceptably
small. Methods which guarantee some monotonic reductionrglewant quantity
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at each iteration are favoured in a number of situationsMI¢RES method has
such a property and so is sometimes regarded as the methbdioéchowever the
SYMMLQ method has a related ‘Petrov-Galerkin’ property anfhiured for rea-
sons of numerical stability when many iterations are regl(see [40]).
For a generic linear system
ax="b @)

wherea is symmetric (and either indefinite or definite), the MINRESinoel com-
putes a sequence of iterateg} for which the residualy = b— ax minimizes||ry||
over the (shifted or affine) subspace

ro+spar4ro,...,a%r). (8)

The iterates themselves belong to the Krylov subspace
k—1

ro) 9)
wherexg is the initial iterate (the initial ‘guess’) ang the corresponding residual.
This minimization property leads immediately to a des@iptof the convergence
properties of the MINRES method: since any vecssay, in the space (8) can be
written ass = q(4 )ro whereq is a polynomial of degrek with constant term equal
toone (ieq(z2 =1+ aiz+...+ oz for some coefficients;), we have that

lIrll < lla(=)roll < fla)lllIroll- (10)

Now the diagonalization of the symmetric matrixasa = XAXT whereA is the
diagonal matrix of eigenvalues and the maiixs the orthogonal matrix of eigen-
vectors ensures that

Xo+ Kk(4,r0) = Xo+ sparfro, aro,..., 4

lla(a)[l = [IXa(A)XT [ = la(A)l (11)
because the Euclidean norm is invariant under orthogoaastormations. Further,
sinceq(A\) is a diagonal matrix we have that

rq]l < min max ||q(2)||||roll- 12
Il < min . max lla(2)liol (12)

Here,MN is the set of (real) polynomials of degrkandao(2) is the set of eigenval-
ues ofa. Thus for a real symmetric matrix, convergence dependsamiys eigen-
values: if there are only a few distinct eigenvalues or theysafficiently clustered
away from the origin then there are polynomials of low degwbé&ch will be small
at the eigenvalues. At each additional iteration the degreases by one and so
reasonable accuracy is quickly achieved in such caseouéadonstructions based
on the Chebyshev polynomials can give more explicit coreecg bounds, but these
are somewhat less straightforward to write down for indefiratber than definite
symmetric matrices (see for example [23] or [13]).

Preconditioning correponds to the application of a mawidifiear operator)p
to the original linear system to yield a different lineartgys for which convergence
of the iterative method will be significantly faster. In moistiations? must be con-
structed so that it is easy/fast to solve linear systemseofdtm 2z = r for zwhen
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r is given. Conceptually one can think of preconditionedaitien as applying the
original iteration to
r~lax=2"1b (13)

however it would in almost all cases be a really bad move totersach a non-
symmetric linear system when is originally symmetric: the iterative solution of
nonsymmetric linear systems is much less reliable and/oempensive in general
and most practitioners would believe that preserving sytryris really valuable.
For MINRES, a symmetric and positive definite preconditionenust be employed
so that we can write = £ £7 for some matrixc (eg. either the Cholesky factor or
the matrix square root). We emphasize that this is only a ematttical artifact used
to derive the method: no such factorization is required acpce—though of course
such a factorization could be used if it were available. Whieeepreconditioner is
not provided in factored form, the preconditioned MINRES moet as given for ex-
ample in [13, page 289] is used. In this way the MINRES iterai® effectively
applied to the symmetric system

£7tar Ty=r"t, rTx=y (14)

and convergence will depend on the eigenvalues of the syrimneetd indefinite
matrix £ =72 £~1. Via the obvious similarity tranformation

e tar T T =01 (15)
it is clear that the important eigenvalues are those of theixna =14, hence the
convergence of the preconditioned MINRES iteration is dbedrvia (12) with the
eigenvalue spectrum(a) replaced in the preconditioned casedfy ~14).

For SYMMLQ, there are similar considerations and good preitimmetrs should
satisfy similar criteria. SQMR would generally only be usethvei symmetric and in-
definite preconditioner and there are no estimates of cgever in this case, though
practical experience in a number of application areas aid&cthat SQMR conver-
gence can be very good with a suitable indefinite preconditi¢see [18]).

In the next sections we discuss a number of possible appre&zpeecondition-
ing indefinite symmetric matices of saddle point type.

4 Block preconditioners

Block preconditioners are based more or less explicitlyrmtlock factorization
(5). The performance of such preconditioners depends orhwhtztst, approximate
solvers for linear systems involvigand the Schur compleme8are available [34].

Assuming thafA and—S=C+BA~1BT are both SPD, the essentially ideal block
diagonal preconditioner (as we shall see below) is

Pq =

AO]'

0-s (16)
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Preconditioning ofa with 24 results in the matrix

| A-1BT
_S—lB e} ] (17)

M =p5ta = [
The matrixa/ is nonsingular by assumption, is symmetrizable as destabeve
and, as pointed out for example in [30], it satisfies

(o —1) (M —%(1+\/§)I> <M —%<1—\/§)|> =

It follows that4/ is diagonalizable and has only three distinct eigenvaluasiely
1,3(1++/5), and3(1—+/5). Hence for each initial residugd, dim Xn.m(4 ,ro) <
3, which means that MINRES applied to the preconditioned systéh precondi-
tioner 24 will terminate after at most three steps.

Similarly, the essentially ideal block triangular precdiwher is

ABT]

=1oxsl|"

(18)

Choosing the minus sign in (18) results in a diagonalizabezgnditioned ma-
trix with only two distinct eigenvalues equal tol. Choosing the plus sign yields
a preconditioned matrix with all the eigenvalues equal tohls tnatrix is non-
diagonalizable, but has minimum polynomial of degree twar. &ther choice of
the sign in (18), the non-symmetric iterative solver GMREZ3] i3 guaranteed to
converge in at most two steps in exact arithmetic.

Obviously, the ideal preconditionery and®; are not practical, since the exact
Schur complemen® is generally a dense matrix and is not available. In practice
A andS are replaced by some approximatioAsy A andS= S. If these approx-
imations are chosen appropriately, the preconditionediceat have most of their
eigenvalues clustered around the eigenvalues of the ydpedconditioned matri-
CeSTd_lﬂ and 2 1a. Clearly, the choice of the approximatioAsandSis highly
problem-dependent. Frequenﬁ)and§ are not explicitly available matrices; rather,
a prescription for computing the action Af* andS 1 on given vectors is given.
For example, in mixed finite element formulations for incaoegsible flow problems
the blockA represents a discretization of a second-order ellipticatpe and the
action of A~1 on a vector can be computed by performing a small fixed number o
iterations of some multigrid scheme. A varying number afit®ns here would give
a varying preconditioner for which a flexible outer iteratimethods such as FGM-
RES [35] would be needed. The construction of good appraximsSto the Schur
complementSis generally less straightforward and is highly problenpatedent;
see [13, 38] for a detailed treatment in the case of inconsfirkesflow problems.

Application of these techniques to more general saddle poattiems arising in
constrained optimization is more problematic. In partepin the absence of well-
understood elliptic operators it is unclear how to condtsuitable approximations
A~AandSx S One possibility is to use incomplete factorization$\ab build A,
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but it is unclear how to construct good approximations to(thgically dense) Schur
complementS. Section 6 describes an alternative approach that has ldied
succesfully in optimization.

We conclude this section with a brief discussion of a possibfmection between
block preconditioners based on approximate Schur compiesvad model order
reduction of time-invariant linear dynamical systems.Iéwing [17, Section 4.3],
the (symmetric) transfer function of certain RCL subcitsus them x m matrix-
valued rational function

H(s) =B(sE—A)"!'B, where A=AT, E=E' and seC. (19)

In practice,n can be in the millions whilen is of the order of a few hundreds or
smaller. The goal of model order reduction is to fimdk m approximations to the
transfer function (19) of the form

A~

A(s) =B(sE—A)"'B, where A=A", E=ET, (20)

where the ordef of A andE is now small, typically of the same order as Fur-
thermore, the approximate transfer functidfs) must preserve certain properties
of the original functionH(s) for the reduced-order model to be useful. A number
of technigues have been developed to efficiently constuati approximations, in-
cluding matrix Padé and Padé-type approximants. Theoappants can be com-
puted by means of (block) Lanczos methods; we refer the raadéi7] for a sur-
vey. These techniques have proved very effective in prctiad it would be in-
teresting to investigate their use in constructing appnaxé Schur complements
S=BA-1BT ~ BA~1BT. The approximate Schur complement could be used in turn
to construct a block diagonal or block triangular precandir.

5 Augmented L agrangian formulations

The assumption tha is nonsingular may be too restrictive, and indéed singu-
lar in many applications. However, it is often possible to usgnaented Lagrangian
techniques [6, 15, 16] to replace the original saddle pgistesn with an equivalent
one having the same solution but in which tfig1) block A is now nonsingular.
Thus, block diagonal and block triangular preconditiortssed on appproximate
Schur complement techniques may still be applicable. Thyn@mted Lagrangian
idea can also be useful in cases where(thd) block is highly ill-conditioned and
in order to trasform the original saddle point system inte trat is easier to precon-
dition.

The idea is to replace the original saddle point system (3) thi¢ equivalent one

A+B'™WBBT] [u] _ [f+B"Wg
B o] |p| g '

Themx mmatrixW, to be suitably determined, is symmetric positive semidtefin
The simplest choice is to takld = yim (y > 0). In this case thél,1) block in (21)

(21)
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is nonsingular, and indeed positive definite, provided thi positive definite on
the null space oB. The goal is to choos@/ so that system (21) is easier to solve
than the original one, particularly when using iterative moefs. The choice diV is
highly problem-dependent; see, e.g., [4, 20] for discussif this issue in different
settings.

Itis important to keep in mind that there may be a trade-dffieen properties of
the (1,1) block and properties of the augmented system (21). Conkidé@rstance
the case wherd/ = yi,,,. Then a possible preconditioner for (21) is given by

o |[AT yB'B BT

Y— o) _y—llm
It can be shown that the quality of this preconditioner, assae=d in terms of num-
ber of iterations only, increases gdends to infinity; for large values of, how-
ever, the(1,1) block becomes increasingly ill-conditioned. This is cledren one
observes that for larggthe dominating term in th¢l, 1) block becomegB'B, a
singular matrix with a null space of dimension- m. In practice, linear systems
involving A+ yBT B will be solved inexactly, typically by some inner iteraticand
finding efficient approximate solvers may become very diffitor large values of
y. The issue of variable preconditioning with an inner itemativould also arise. It is
therefore important to strike a balance between the raterfergence of the outer
(preconditioned) iteration and the need for efficient agpnate solution of linear
systems involvingA + yBTB.

Augmented Lagrangian techniques have been in use for manmg yeaon-
strained optimization problems. Recent work indicates the augmented La-
grangian approach may lead to powerful preconditionerstiallenging problems
in computational fluid mechanics and computational el@c&ignetics; see in partic-
ular [4] and [24].

6 Constraint preconditioning

The second main type of preconditioner for saddle pointlerab are of the general
form

P = (22)

B O

H BT]

whereH € R™" ([27,29]). Since such an indefinite preconditioning maisiitself
a saddle point matrix which corresponds to a different quadeaergy but the same
constraints as the original problem, it is called a ‘constrareconditioner’.

Itis not evident that it is any easier to solve systems witk tbim of precondi-
tioner than with the original matrix in (3); since one such solution is required at
each iteration this is a real issue. We will come back to thisvaebut firstly indicate
what is known about the effect on iterative convergence of sieeofi preconditioners
of the form (22).
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The first point to notice is that the use of an indefinite prelittoner precludes
the simple use of MINRES which requires a definite precondiioHowever a key
observation is that by using the same constraint blocks énptleconditioner, the
Hestenes—Stiefel Conjugate Gradient algorithm can be usisdstbecause solution
of (3) with a preconditioner of the form (22) is equivalenthe tsolution of the pos-
itive definite symmetric system which would be derived by &tpElimination of
the constraints with a positive definite symmetric precaodér derived by direct
elimination of these same constraints ( [21]). This is a \a&dtsactive property since
the Conjugate Gradient method is well known to be a very effeatiethod with
appropriate preconditioning for symmetric and positivBrite systems. We empha-
size that a constraint preconditiorisrequired here—for example it is clear that if
no preconditioning were employed then Conjugate Gradientgduwot be a robust
method for the indefinite saddle point system. Another comsece is that iterates
for the primal variables only are computed, so that the stopping criteria must reflect
this. The Lagrange multipliers can be recovered if desired.

Thus the use of a constraint preconditioner with CG ensunesx@ct arithmetic)
that all of the iterates satisfy the constraints—enly by Eying a constraint pre-
conditioner is this guarenteed. This appears to be a veriyatis property in the
context of Optimization when linear system solves are usuallynner part of an
outer iterative optimization algorithm.

Given the equivalence to a symmetric positive definite problene might
anticipate some special structure in the eigenvalues optheonditioned matrix
2~14; what is perhaps not expected is that this matrix should deaisr be non-
diagonalizable! As shown in [27] this is always the case, big i only due to
a high multiplicity eigenvalue at 1: this eigenvalue hasebigic multiplicity 2n
but only m independent eigenvectors. In the language of canonicalspthe Jor-
dan form of this matrix ham 2 x 2 diagonal blocks. This means that'a — | has
only anm—dimensional kernel, but 14 —1)? has the full n—dimensional kernel
corresponding the the eigenvalue at 1. This is highly aftmérom the standpoint
of Krylov subspace iteration since only two iterations willnghate the error in a
2m—dimensional subspace.

The outcome is that iterative convergence depends on howHhegtiproximates
Ain ann— mdimensional subspace with only an additional two iteraticequired
for the eigenvalue at 1.

Returning to the solution of systems with a constraint predaner, there are
special situations where specific orthogonality propesigsble easy solution: see
for example [33]. A general approach, however, involres preselecting the block
H, but rather choosing it in an implicit fashion. One key appios that based on
Schilders’ Factorization (see [9, 10, 12]); the idea is dlefes. The factorization

BT OL;] D1 O | B B, O
?=|By Ly E OD,0O O L'o|, (23)
O O | I OO] LT ET |

is exact for
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ABT Ay1 Arp B]
ﬂ=|:BO:|= Ag1 Az, BI
By B, O

with A1 1,B; € R™™ (and other blocks correspondingly) when

D1 =B1 "ABi 1 -Li"Bi 1 —B; Ly,
D2 =Ly (A2 —B2"D1B —EB2— B2 ET )L™,
E=AB1 1B, D1 —Bp'Li'B Y,

but more importantly in our contexdny choice oD, L1 andE and any nonsingular
choice ofD,, Ly gives rise to a matrix of the form (22), i.e., gives rise to astoaint
preconditioner in a reordered block triangular factoreufdn this way by making
choices for the blockBj, L; andE in the factors in (23) a constraint preconditioner
with animplicitly defined(1,1) blockH is obtained in a form in which solutions to
preconditioner systems can easily be computed. The sitrgilegce would be

O OB BiTOO] [OO 17 [B.1B;O
Ol Bl |=|BTIO|l|OIO||O 1 O]f. (24)
B1B; O O Ol oo [0 O

It can be seen that it is always necessary to be able to cortipusetion oBfl, thus
it is important to be able to find a non-singutaix mleading block of the constraint
matrix B € R™" possibly by reordering. A direct method (even for a dens&esys
will require o (m®) computer (floating point) operations to achieve this, barsiy
will reduce this estimate considerably—and then the examitetof which columns
of B to reorder intoB; also is likely to have an effect. There have been particular
choices suggested for the special but important case ofespdiht systems arising
from interior point Optimization algorithms where large pypaarameters arise at
least as convergence is approached (see [8]).

We comment that constraint preconditioners and Schillleedactorisations for
regularized saddle point systems of the form

5%

whereC is symmetric and positive semi-definite have also been itest(see [10,
11]).

7 Other techniques
Most preconditioning techniques that have been proposttkititerature on saddle

point problems can be reduced to one of the main classes tioaetescribed in
the three sections above. For instance, the classical Uzatlaothcan be shown
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to be a special type of block triangular preconditioner. isirty, preconditioning
methods based on null-space ¢hral variable) formulations, see for example [1],
are closely related to constraint preconditioning. An exioegds represented by the
HSSpreconditioner described in [2] and further analyzed irj[38is preconditioner
is based on the nonsymmetric formulation

[—ABEEZT] m _ [_fg} or Ax=h. (26)

Here we assume thatandC are symmetric positive semidefinite. We have the fol-
lowing splitting of 2 into its symmetric and skew-symmetric parts:

~ A BT AO O BT
= [—BC]:[OC]+[—BO]:H+K' 27)

Note that#, the symmetric part of1, is symmetric positive semidefinite since
both A andC are. Leta > 0 be a parameter. Similar in spirit to the classical ADI
(Alternating-Direction Implicit) method, we consider theléaling two splittings of
a:

A=(H+an)—(ar—%x) and A =(x+0a1)—(aI—H).

Here 1 denotes the identity matrix of order+ m. The stationary HSS iteration is
then

-1
Xyl =X+ Py Tk, k=b—ax,

where the matrixe is given by
P =Pq =5 (H +0I)(K +0I). (28)

Assuming thatA is SPD andB has full rank, it has been shown in [2] that the itera-
tive process (28) is convergent to the unique solution of {@6all a > 0. However,
the rate of convergence of the HSS iteration is rather sloan evith the “optimal”
choice ofa. For these reasons it was proposed in [2] that GMRES or othdoXry
subspace methods should be used to accelerate the coreenjehe HSS method.
In other words, the HSS method is best used as a precondifangray) GMRES
rather than as a stationary iterative method. Note that as@pditioner we can use
?q = (7 +aI)(% +ar) instead of the expression given in (28), since the fagtor
has no effect on the preconditioned system. The spectraisasaf HSS precondi-
tioning for general saddle point problems can be found if @l [5]. The analysis
shows that the eigenvalues of the preconditioned matrixlaread and positive for
all a > 0, and furthermore ag — 0 they all fall within two small intervalg0,€1)
and(2 — &3,2), with €1,€2 > 0 andes, €2 — 0 asa — 0. This suggests that should
be taken to be small, but not too small; experience sugdestéar a problem scaled
so thatA andC have unit nonzero diagonal entries, a valuaxdfetween QL and
0.5 is often a good choice. In practice, solves with the shiftedrives# + ar and
K +ar1 are performed inexactly for efficiency reasons. Approxiryagelving linear
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systems involving{ + a1 is usually straightforward, whereas solving linear systems
involving the shifted skew-symmetric paxt+ a1 is slighly more complicated. This
step requires the solution of a linear system of the form

(29)

O U1+ BT preys = i,
—BUky1+ 0 Pyt = G-

This can be accomplished by first eliminating. 1 from the second equation using
the first one (Schur complement reduction), leading to a lemébrderm) linear
system of the form

(BB" + a?l) prs1 = B fic+ 0 k. (30)

This is a linear system with an SPD coefficient matrix which caapproximately
solved by, e.g., a preconditioned Conjugate Gradient metnatiis case, it is nec-
essary to use a flexible Krylov subspace method, such as FGMIRE®e outer
iteration; see [36].

8 Numerical examples

We firstly present an example of block diagonal preconditigrior a problem in
incompressible fluid mechanics.

The underlying problem is the Stokes problem which is the@adr caseo =0
of thegeneralizedstokesproblem:

ou—v2u+Op=f in Q (31)
divu=0 in Q (32)
u=g on 9Q. (33)

Hereu is the velocity ang the pressure (the Lagrange multiplier in this application)
Q C RY (d = 2,3) is the domain of the partial differential equation with bdary
0Q on which we have assumed simple Dirichlet conditions. The patam is the
kinematic viscosity which is taken to have the value one fer ¢lassical Stokes
problem. See [13] for details.

This first example is computed with a common mixed finite elerfeamulation:
the block preconditioner combines a single simple mulligicycle approximation
of A and a diagonal matrix to approxima$eand is run using the freely available
IFISS software ([26]). We include iteration counts (whick aeen to be essentially
constant—indeed to reduce slightly—ever a range of ininggsroblem dimension)
and cpu times on the same workstation. Timings for a direlcitism are given for
comparison.

We can notice from Table 1 that for the largest-dimensiomablem memory
becomes an issue: the sparse direct method runs out of mewmpletely and fails
for this problem and the timing for the iterative method isalmgreater than expected
presumably because of slower memory access times for the rami@te levels of
cache which are needed for this problem.
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Table 1. Block dimensions and number of MINRES iterations needed 60 ¥eduction in
residual for locally stabilize@1 — PO mixed fi nite elements for Stokes fbw in a cavity. Block
diagonal preconditione@ is one multigrid V-cycle with 1,1 relaxed Jacobi smoothing &
is the diagonal pressure mass matrix. The cpu time (in seasdhat required on the same
computer (a Sun sparcv9 502 MHz processor with 1024 Mb of mem®he cpu time is also
given for a sparse direct solve (UMFPACK in MATLAB).

grid |n m iterations cpu time sparse direct cpu
64x 64 |8450 4096 38 14.3 6.8
128x 128|33282 16384 37 37.7 48.0
256x 256/132098 65536 36 194.6 897
512x 512|526339 263169 35 6903  out of memory

To give an example of constraint preconditioning, we turnrabfems from Op-
timization, specifically to a family of test problems fronet@UTEr test set ( [22]).
We present results only for the simplest Schilders’ fagation (24) for three of
the family of CVXQP1 test problems. As indicated in the sectioovah Conjugate
Gradient iteration is applicable with constraint precomditng and this is applied
here. The number of Conjugate Gradient iterations to actaei@® reduction in
the preconditioned residual (defined only on thedimensional space of the primal
variableu as described above) are given in Table 2. Note that the thia®guns
are different: the comparison here is for the same relagdection which gives the
decreasing iteration counts indicated. For these probldgmasteration counts would
be more similar for an absolute residual tolerance.

Table 2. Block dimensions and number of Conjugate Gradient iteratiweded for 10° re-

duction in the preconditioned residual for the simplestilfes’ factorization preconditioner
(24).

test problen1|n m iterations
CVXQP1S|100 50 44
CVXQP1M|1000 500 28
CVXQPLL {10000 5000 10

Our final numerical example demonstrates the performandeedfiSS precon-
ditioner on the generalized Stokes problem.

In Table 3 we report the numerical results for Flexible GMREShvittexact
HSS preconditioning applied to a set of generalized Stokeblgms. The dis-
crete saddle point problems were generated in this case bi#nker-and-Cell
(MAC) finite difference discretization on a 4040 x 40 grid for different values
of o (= 1/At in the context of implicit solution of time-dependent prefvis) and.



158 Michele Benzi and Andrew J. Wathen

Homogeneous Dirichlet boundary conditions were imposed owélarities. Here

Q = [0,1] x [0,1] x [0,1]; the discrete problem has over 250,000 unknowns. The
parameten was set to &, and a zero initial guess was used. The outer iteration
was stopped when a reduction of the initial residual by sihemsdf magnitude was
reached. For the inexact inner solves we used Conjugate Gtadiéth incomplete
Cholesky preconditioning; the inner iterations were stapa® soon as a reduction
of the initial residual by one order of magnitude was attdirTéhis only required 1-2
PCG iterations per inner linear solve. The iteration coumtsch can be shown to be
largely independent of the grid size, improve for incregsirand decreasing.

Table 3. Iteration count for 3D generalized Stokes problem, inekt®8 preconditioning.

o [v=01v=001v=0001v=10"°

1145 27 16 13
10 (32 19 15 12
20|30 18 14 11
50|28 15 13 11
100|25 14 12 10

In Table 4 we show timings (in seconds) for an unsteady Stokaslgm with
v = 0.001 for different grids. Denoted by the grid size, we let = h~1. We use
HSS preconditioning witlm = 0.5. We also report the dimensionandm and the
total number of FGMRES iterations. The test runs were done erpoocessor of a
SunFire V880 workstation with 8 CPUs and 16 GB of memory.

Table 4. Results for 3D unsteady Stokes problem; 0.001.

grid n m iterations cpu time
10x 10x 10{2700 1000 12 0.42
20x 20x 20|22800 8000 12 4.66
30x 30x 30|78300 27000 12 20.97
40x 40x 40{187200 64000 13 66.02

9 Conclusions

Saddle point problems arise naturally in many large scalepeaations, particularly
in the solution of PDEs by mixed finite elements, interior poirethods for con-
strained optimization, weighted least squares, and so.foh last decade has seen
considerable progress in the development of iterativeessland preconditioners for
this class of problems. In this paper we have given a concise/@w of some of the



Preconditioning for Saddle Point Problems 159

most promising preconditioning techniques for linear eys in saddle point form,

in particular block and constraint preconditioning. We éalso pointed out a possi-
ble connection between preconditioners based on approxi8@tur complements
and the approximation of matrix-valued transfer functjaars essential component
of model order reduction for time-invariant linear dynaalisystems.
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