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1 Introduction

Saddle point problems arise frequently in many applications in science and engineer-
ing, including constrained optimization , mixed finite element formulations of partial
differential equations, circuit analysis , and so forth. Indeed the formulation of most
problems with constraints gives rise to saddle point systems. This paper provides a
concise overview of iterative approaches for the solution of such systems which are
of particular importance in the context of large scale computation. In particular we
describe some of the most useful preconditioning techniques for Krylov subspace
solvers applied to saddle point problems, including block and constraint precondi-
tioners.

Many applied problems can be stated in the form of constrained minimization
problems. Frequently, such problems are infinite-dimensional and highly nonlinear.
Discretization results in finite-dimensional problems of large size. These problems
are usually replaced by a sequence of quadratic minimization problems subject to
linear equality constraints:

min J
�
u � � 1

2uT Au � f T u (1)

subject toBu � g � (2)

HereA � � n � n is symmetric positive semidefinite, andB � � m � n , with m � n; f � � n

andg � � m are given vectors. The first-order optimality conditions are given by the
linear system �

A BT

B O � �
u
p � �

�
f
g � � (3)

In (3), p
� � m is a vector of Lagrange multipliers . Linear systems of the form (3)

are known assaddlepointproblems, since any solution
�
u � p � of (3) is a saddle point

� �
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of the Lagrangian function

L
�
u � p � � 1

2uT Au � f T u � �
Bu � g � T p �

Large linear systems in saddle point form also arise from inherently discrete physical
models, such as mechanical structures [41] and RCL circuits[17].

More generally, we consider linear systems of the form

A x �
�
A BT

B � C � �
u
p � �

�
f
g � � b � (4)

with A andB as before andC � � m � m symmetric and positive semidefinite. Systems
of the form (4) with a nonzero (2,2) block arise, for instance,in the context of interior
point methods for constrained optimization [32]. Other examples are provided by
mixed finite elements for incompressible flow problems, when some form of pressure
stabilization is included in the discretization [13], and by the modeling of slightly
compressible materials in linear elasticity theory [7].

Typically, A is large and sparse and (4) must be solved iteratively, usually by
means of Krylov subspace algorithms [42]. Unfortunately, Krylov methods tend to
converge very slowly when applied to saddle point systems, andgood precondition-
ers are needed to achieve rapid convergence. In the last few years, much work has
been devoted to developing effective preconditioners for saddle point systems. The
goal of this paper is to provide a concise overview of such techniques. Due to space
limitations, we focus mainly on three widely applicable classes of preconditioning
techniques: block diagonal (or triangular) preconditioners, constraint precondition-
ers, and HSS preconditioning. For a more extensive survey of these and other tech-
niques, see [3]. See further [13] for a thorough discussion of saddle point problems
arising in fluid dynamics.

2 Properties of saddle point systems

If A is nonsingular, the saddle point matrixA admits the following block triangular
factorization:

A �
�
A BT

B � C � �
�

I O
BA 
 1 I � �

A O
O S � �

I A 
 1BT

O I � � (5)

whereS � �
�
C � BA 
 1BT � is theSchurcomplement ofA in A . Several important

properties of the saddle point matrixA can be derived on the basis of (5). To begin
with, it is clear thatA is nonsingular if and only ifS is. Furthermore, since (5)
defines a congruence transformation, we see thatA is indefinite withn positive and
m negative eigenvalues ifA is symmetric positive definite (SPD).

There are some important applications in whichA is symmetric positive semidef-
inite and singular, in which case there is no block factorization of the form (5). If
C � O andB has full rank, thenA is invertible if and only if the null spaces ofA
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andB satisfyN
�
A � � N

�
B � � �

0 � . In this caseA is, again, indefinite withn posi-
tive andm negative eigenvalues. In some important applicationsA is SPD andB is
rank deficient and the linear system (4) is singular but consistent. Generally speak-
ing, the singularity ofA does not cause any serious problem for iterative solvers;
see [13, Section 5.3] for a discussion.

It is interesting to note that the simple stratagem of changing the sign of the lastm
equations in (4) leads to a linear system with completely different spectral properties.
Indeed, assuming thatA is SPD andC is symmetric positive semidefinite, it is easy
to see that the (nonsymmetric) coefficient matrix

�

A �
�

A BT

� B C � (6)

is positive definite, in the sense that its spectrum is contained in the right half-plane
ℜ

�
z � � 0. Hence,�

�

A is astable matrix, an important property in circuit modeling;
see [17, Section 4.3]. Furthermore, when certain (reasonable) conditions onA, B
andC are met, it can be shown that

�

A is diagonalizable and has all the eigenvalues
real and positive. In other words, there exists a nonstandard inner product on

� n � m

relative to which
�
A is SPD; see [5] for details.

Regardless of the formulation of the saddle point system (symmetric indefinite
or nonsymmetric positive definite), the convergence of Krylov subspace methods is
almost always extremely slow unless a good preconditioner is available.

3 Preconditioned Krylov subspace methods

The well-known Conjugate Gradient method [25] which is widely used for the it-
erative solution of symmetricdefinite matrix systems is not in general robust for
indefinite matrix systems. The main iterative approaches for indefinite matrix sys-
tems are the MINRES and SYMMLQ algorithms [31] which are based onthe Lanc-
zos procedure [28]. These algorithms (see [14] for a comprehensive and accessible
description) require any preconditioner to be symmetric and positive definite. An
alternative, which allows the use of symmetric and indefinite preconditioning (but
has less clear theoretical convergence properties) is the Symmetric QMR (SQMR)
method [19]. Even for indefinite problems, however, Conjugate Gradient methods
can be employed with specific types of preconditioner: see thesection on Constraint
Preconditioning below.

The important feature of all of these methods is that at each iteration only one
matrix times vector multiplication and a small number of vector operations (dot prod-
ucts and vector updates) are required. For sparse or structured matrices, the matrix
times vector product may be efficiently computed and so the main issue concerning
the overall computational work in the iterative solution ofa linear system with such
methods is the number of iterations it takes for convergenceto an acceptable accu-
racy. Preconditioning is usually vital to ensure that this number is kept acceptably
small. Methods which guarantee some monotonic reduction in arelevant quantity
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at each iteration are favoured in a number of situations: theMINRES method has
such a property and so is sometimes regarded as the method of choice, however the
SYMMLQ method has a related ‘Petrov-Galerkin’ property and isfavoured for rea-
sons of numerical stability when many iterations are required (see [40]).

For a generic linear system
A x � b (7)

whereA is symmetric (and either indefinite or definite), the MINRES method com-
putes a sequence of iterates

�
xk � for which the residualrk

� b � A xk minimizes
�
rk

�
over the (shifted or affine) subspace

r0 � span
�
A r0 � � � � � A kr0 � � (8)

The iterates themselves belong to the Krylov subspace

x0 � K k
�
A � r0 � � x0 � span

�
r0 � A r0 � � � � � A k 
 1r0 � (9)

wherex0 is the initial iterate (the initial ‘guess’) andr0 the corresponding residual.
This minimization property leads immediately to a description of the convergence
properties of the MINRES method: since any vector,s say, in the space (8) can be
written ass � q

�
A � r0 whereq is a polynomial of degreek with constant term equal

to one (ie.q
�
z � � 1 � α1z � � � � � αkzk for some coefficientsαi), we have that

�
rk

� 	 �
q

�
A � r0

� 	 �
q

�
A � � �

r0
�

� (10)

Now the diagonalization of the symmetric matrixA asA � XΛX T whereΛ is the
diagonal matrix of eigenvalues and the matrixX is the orthogonal matrix of eigen-
vectors ensures that �

q
�
A � � � �

Xq
�
Λ � XT � � �

q
�
Λ � �

(11)

because the Euclidean norm is invariant under orthogonal transformations. Further,
sinceq

�
Λ � is a diagonal matrix we have that

�
rk

� 	 min
q � Πk � q �

0� � 1
max

z � σ
�
A �

�
q

�
z � � �

r0
�

� (12)

Here,Πk is the set of (real) polynomials of degreek andσ
�
A � is the set of eigenval-

ues ofA . Thus for a real symmetric matrix, convergence depends onlyon its eigen-
values: if there are only a few distinct eigenvalues or they are sufficiently clustered
away from the origin then there are polynomials of low degreewhich will be small
at the eigenvalues. At each additional iteration the degree increases by one and so
reasonable accuracy is quickly achieved in such cases. Various constructions based
on the Chebyshev polynomials can give more explicit convergence bounds, but these
are somewhat less straightforward to write down for indefinite rather than definite
symmetric matrices (see for example [23] or [13]).

Preconditioning correponds to the application of a matrix (or linear operator),P
to the original linear system to yield a different linear system for which convergence
of the iterative method will be significantly faster. In most situationsP must be con-
structed so that it is easy/fast to solve linear systems of the formP z � r for z when
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r is given. Conceptually one can think of preconditioned iteration as applying the
original iteration to

P 
 1
A x �

P 
 1b (13)

however it would in almost all cases be a really bad move to create such a non-
symmetric linear system whenA is originally symmetric: the iterative solution of
nonsymmetric linear systems is much less reliable and/or more expensive in general
and most practitioners would believe that preserving symmetry is really valuable.
For MINRES, a symmetric and positive definite preconditionerP must be employed
so that we can writeP � L L T for some matrixL (eg. either the Cholesky factor or
the matrix square root). We emphasize that this is only a mathematical artifact used
to derive the method: no such factorization is required in practice—though of course
such a factorization could be used if it were available. Wherethe preconditioner is
not provided in factored form, the preconditioned MINRES method as given for ex-
ample in [13, page 289] is used. In this way the MINRES iteration is effectively
applied to the symmetric system

L 
 1
A L 
 T y � L 
 1b � L T x � y (14)

and convergence will depend on the eigenvalues of the symmetric and indefinite
matrixL 
 TA L 
 1. Via the obvious similarity tranformation

L 
 T
L 
 1
A L 
 T

L
T � P 
 1

A (15)

it is clear that the important eigenvalues are those of the matrix P 
 1A , hence the
convergence of the preconditioned MINRES iteration is described via (12) with the
eigenvalue spectrumσ

�
A � replaced in the preconditioned case byσ

�
P 
 1A � .

For SYMMLQ, there are similar considerations and good preconditioners should
satisfy similar criteria. SQMR would generally only be used with a symmetric and in-
definite preconditioner and there are no estimates of convergence in this case, though
practical experience in a number of application areas indicates that SQMR conver-
gence can be very good with a suitable indefinite preconditioner (see [18]).

In the next sections we discuss a number of possible approaches to precondition-
ing indefinite symmetric matices of saddle point type.

4 Block preconditioners

Block preconditioners are based more or less explicitly on the block factorization
(5). The performance of such preconditioners depends on whether fast, approximate
solvers for linear systems involvingA and the Schur complementS are available [34].

Assuming thatA and � S � C � BA 
 1BT are both SPD, the essentially ideal block
diagonal preconditioner (as we shall see below) is

Pd
�

�
A O
O � S � � (16)
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Preconditioning ofA with Pd results in the matrix

M � P 
 1
d A

�
�

I A 
 1BT

� S 
 1B O � � (17)

The matrixM is nonsingular by assumption, is symmetrizable as described above
and, as pointed out for example in [30], it satisfies

�
M � I �

�
M �

1
2

�
1 � � 5� I � �

M �
1
2

�
1 � � 5� I � � O �

It follows thatM is diagonalizable and has only three distinct eigenvalues,namely
1 � 1

2

�
1 � � 5� , and1

2

�
1 � � 5� . Hence for each initial residualr0, dimK n � m

�
M � r0 � 	

3, which means that MINRES applied to the preconditioned system with precondi-
tionerPd will terminate after at most three steps.

Similarly, the essentially ideal block triangular preconditioner is

P t
�

�
A BT

O � S � � (18)

Choosing the minus sign in (18) results in a diagonalizable preconditioned ma-
trix with only two distinct eigenvalues equal to� 1. Choosing the plus sign yields
a preconditioned matrix with all the eigenvalues equal to 1; this matrix is non-
diagonalizable, but has minimum polynomial of degree two. For either choice of
the sign in (18), the non-symmetric iterative solver GMRES [37] is guaranteed to
converge in at most two steps in exact arithmetic.

Obviously, the ideal preconditionersP d andP t are not practical, since the exact
Schur complementS is generally a dense matrix and is not available. In practice,
A andS are replaced by some approximations,

�
A � A and

�
S � S. If these approx-

imations are chosen appropriately, the preconditioned matrices have most of their
eigenvalues clustered around the eigenvalues of the ideally preconditioned matri-
cesP 
 1

d A andP 
 1
t A . Clearly, the choice of the approximations

�
A and

�
S is highly

problem-dependent. Frequently
�
A and

�
S are not explicitly available matrices; rather,

a prescription for computing the action of
�
A 
 1 and

�
S 
 1 on given vectors is given.

For example, in mixed finite element formulations for incompressible flow problems
the blockA represents a discretization of a second-order elliptic operator, and the
action of

�
A 
 1 on a vector can be computed by performing a small fixed number of

iterations of some multigrid scheme. A varying number of iterations here would give
a varying preconditioner for which a flexible outer iterativemethods such as FGM-
RES [35] would be needed. The construction of good approximations

�
S to the Schur

complementS is generally less straightforward and is highly problem-dependent;
see [13,38] for a detailed treatment in the case of incompressible flow problems.

Application of these techniques to more general saddle pointproblems arising in
constrained optimization is more problematic. In particular, in the absence of well-
understood elliptic operators it is unclear how to construct suitable approximations�
A � A and

�
S � S. One possibility is to use incomplete factorizations ofA to build

�
A,
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but it is unclear how to construct good approximations to the(typically dense) Schur
complementS. Section 6 describes an alternative approach that has been applied
succesfully in optimization.

We conclude this section with a brief discussion of a possibleconnection between
block preconditioners based on approximate Schur complements and model order
reduction of time-invariant linear dynamical systems. Following [17, Section 4.3],
the (symmetric) transfer function of certain RCL subcircuits is them � m matrix-
valued rational function

H
�
s � � B

�
sE � A � 
 1B � where A � AT � E � ET and s

� � � (19)

In practice,n can be in the millions whilem is of the order of a few hundreds or
smaller. The goal of model order reduction is to findm � m approximations to the
transfer function (19) of the form

�
H

�
s � � �

B
�
s

�
E �

�
A � 
 1

�
B � where

�
A � �

AT �
�
E � �

ET � (20)

where the order
�
n of

�
A and

�
E is now small, typically of the same order asm. Fur-

thermore, the approximate transfer function
�
H

�
s � must preserve certain properties

of the original functionH
�
s � for the reduced-order model to be useful. A number

of techniques have been developed to efficiently construct such approximations, in-
cluding matrix Padé and Padé-type approximants. The approximants can be com-
puted by means of (block) Lanczos methods; we refer the readerto [17] for a sur-
vey. These techniques have proved very effective in practice, and it would be in-
teresting to investigate their use in constructing approximate Schur complements�
S � �

B
�
A 
 1

�
BT � BA 
 1BT . The approximate Schur complement could be used in turn

to construct a block diagonal or block triangular preconditioner.

5 Augmented Lagrangian formulations

The assumption thatA is nonsingular may be too restrictive, and indeedA is singu-
lar in many applications. However, it is often possible to use augmented Lagrangian
techniques [6, 15, 16] to replace the original saddle point system with an equivalent
one having the same solution but in which the

�
1 � 1� block A is now nonsingular.

Thus, block diagonal and block triangular preconditionersbased on appproximate
Schur complement techniques may still be applicable. The augmented Lagrangian
idea can also be useful in cases where the

�
1 � 1� block is highly ill-conditioned and

in order to trasform the original saddle point system into one that is easier to precon-
dition.

The idea is to replace the original saddle point system (3) with the equivalent one�
A � BTWB BT

B O � �
u
p � �

�
f � BTWg

g � � (21)

Them � m matrixW , to be suitably determined, is symmetric positive semidefinite.
The simplest choice is to takeW � γIm (γ � 0). In this case the

�
1 � 1� block in (21)
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is nonsingular, and indeed positive definite, provided thatA is positive definite on
the null space ofB. The goal is to chooseW so that system (21) is easier to solve
than the original one, particularly when using iterative methods. The choice ofW is
highly problem-dependent; see, e.g., [4, 20] for discussions of this issue in different
settings.

It is important to keep in mind that there may be a trade-off between properties of
the

�
1 � 1� block and properties of the augmented system (21). Considerfor instance

the case whereW � γIm. Then a possible preconditioner for (21) is given by

P γ
�

�
A � γBT B BT

O � γ 
 1Im � �

It can be shown that the quality of this preconditioner, as measured in terms of num-
ber of iterations only, increases asγ tends to infinity; for large values ofγ, how-
ever, the

�
1 � 1� block becomes increasingly ill-conditioned. This is clearwhen one

observes that for largeγ the dominating term in the
�
1 � 1� block becomesγBT B, a

singular matrix with a null space of dimensionn � m. In practice, linear systems
involving A � γBT B will be solved inexactly, typically by some inner iteration,and
finding efficient approximate solvers may become very difficult for large values of
γ. The issue of variable preconditioning with an inner iteration would also arise. It is
therefore important to strike a balance between the rate of convergence of the outer
(preconditioned) iteration and the need for efficient approximate solution of linear
systems involvingA � γBT B.

Augmented Lagrangian techniques have been in use for many years in con-
strained optimization problems. Recent work indicates that the augmented La-
grangian approach may lead to powerful preconditioners for challenging problems
in computational fluid mechanics and computational electromagnetics; see in partic-
ular [4] and [24].

6 Constraint preconditioning

The second main type of preconditioner for saddle point problems are of the general
form

P �
�
H BT

B O � (22)

whereH � � n � n ( [27,29]). Since such an indefinite preconditioning matrixis itself
a saddle point matrix which corresponds to a different quadratic energy but the same
constraints as the original problem, it is called a ‘constraint preconditioner’.

It is not evident that it is any easier to solve systems with this form of precondi-
tioner than with the original matrixA in (3); since one such solution is required at
each iteration this is a real issue. We will come back to this below, but firstly indicate
what is known about the effect on iterative convergence of the use of preconditioners
of the form (22).
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The first point to notice is that the use of an indefinite preconditioner precludes
the simple use of MINRES which requires a definite preconditioner. However a key
observation is that by using the same constraint blocks in the preconditioner, the
Hestenes–Stiefel Conjugate Gradient algorithm can be used: this is because solution
of (3) with a preconditioner of the form (22) is equivalent to the solution of the pos-
itive definite symmetric system which would be derived by explicit elimination of
the constraints with a positive definite symmetric preconditioner derived by direct
elimination of these same constraints ( [21]). This is a veryattractive property since
the Conjugate Gradient method is well known to be a very effective method with
appropriate preconditioning for symmetric and positive definite systems. We empha-
size that a constraint preconditioneris required here—for example it is clear that if
no preconditioning were employed then Conjugate Gradients would not be a robust
method for the indefinite saddle point system. Another consequence is that iterates
for the primal variableu only are computed, so that the stopping criteria must reflect
this. The Lagrange multipliers can be recovered if desired.

Thus the use of a constraint preconditioner with CG ensures (in exact arithmetic)
that all of the iterates satisfy the constraints—only by employing a constraint pre-
conditioner is this guarenteed. This appears to be a very desirable property in the
context of Optimization when linear system solves are usuallyan inner part of an
outer iterative optimization algorithm.

Given the equivalence to a symmetric positive definite problem, one might
anticipate some special structure in the eigenvalues of thepreconditioned matrix
P 
 1A ; what is perhaps not expected is that this matrix should generically be non-
diagonalizable! As shown in [27] this is always the case, but this is only due to
a high multiplicity eigenvalue at 1: this eigenvalue has algebraic multiplicity 2m
but only m independent eigenvectors. In the language of canonical forms, the Jor-
dan form of this matrix hasm 2 � 2 diagonal blocks. This means thatP 
 1A � I has
only anm � dimensional kernel, but

�
P 
 1A � I � 2 has the full 2m � dimensional kernel

corresponding the the eigenvalue at 1. This is highly attractive from the standpoint
of Krylov subspace iteration since only two iterations will eliminate the error in a
2m � dimensional subspace.

The outcome is that iterative convergence depends on how wellH approximates
A in ann � m-dimensional subspace with only an additional two iterations required
for the eigenvalue at 1.

Returning to the solution of systems with a constraint preconditioner, there are
special situations where specific orthogonality propertiesenable easy solution: see
for example [33]. A general approach, however, involvesnot preselecting the block
H, but rather choosing it in an implicit fashion. One key approach is that based on
Schilders’ Factorization (see [9,10,12]); the idea is as follows. The factorization

P �

�
� B1

T O L1

B2
T L2 E

O O I

�
�

�
� D1 O I

O D2 O
I O O

�
�

�
� B1 B2 O

O L2
T O

L1
T ET I

�
� � (23)

is exact for
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A �
�
A BT

B O � �

�� A1 � 1 A1 � 2 BT
1

A2 � 1 A2 � 2 BT
2

B1 B2 O

��
with A1 � 1 � B1

� � m � m (and other blocks correspondingly) when

D1
� B1 
 T A1 � 1B1 
 1 � L1

T B1 
 1 � B1 
 T L1 �

D2
� L2 
 1 �

A2 � 2 � B2
T D1B2 � EB2 � B2

T ET � L2 
 T �

E � A2 � 1B1 
 1 � B2
T D1 � B2

T L1
T B1 
 1 �

but more importantly in our context,any choice ofD1, L1 andE and any nonsingular
choice ofD2, L2 gives rise to a matrix of the form (22), i.e., gives rise to a constraint
preconditioner in a reordered block triangular factored form. In this way by making
choices for the blocksDi, Li andE in the factors in (23) a constraint preconditioner
with animplicitly defined

�
1 � 1� block H is obtained in a form in which solutions to

preconditioner systems can easily be computed. The simplest choice would be�
� O O BT

1
O I BT

2
B1 B2 O

�
� �

�
� B1

T O O
B2

T I O
O O I

�
�

�
� O O I
O I O
I O O

�
�

�
� B1 B2 O

O I O
O O I

�
�

� (24)

It can be seen that it is always necessary to be able to computethe action ofB 
 1
1 , thus

it is important to be able to find a non-singularm � m leading block of the constraint
matrix B

� � m � n possibly by reordering. A direct method (even for a dense system)
will requireO

�
m3 � computer (floating point) operations to achieve this, but sparsity

will reduce this estimate considerably—and then the exact choice of which columns
of B to reorder intoB1 also is likely to have an effect. There have been particular
choices suggested for the special but important case of saddle point systems arising
from interior point Optimization algorithms where large penalty parameters arise at
least as convergence is approached (see [8]).

We comment that constraint preconditioners and Schilders-like factorisations for
regularized saddle point systems of the form�

A BT

B � C � (25)

whereC is symmetric and positive semi-definite have also been described (see [10,
11]).

7 Other techniques

Most preconditioning techniques that have been proposed inthe literature on saddle
point problems can be reduced to one of the main classes of methods described in
the three sections above. For instance, the classical Uzawa method can be shown
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to be a special type of block triangular preconditioner. Similarly, preconditioning
methods based on null-space (ordual variable) formulations, see for example [1],
are closely related to constraint preconditioning. An exception is represented by the
HSSpreconditioner described in [2] and further analyzed in [39]. This preconditioner
is based on the nonsymmetric formulation�

A BT

� B C � �
u
p � �

�
f

� g � � or
�

A x � �
b � (26)

Here we assume thatA andC are symmetric positive semidefinite. We have the fol-
lowing splitting of

�
A into its symmetric and skew-symmetric parts:

�
A

�
�

A BT

� B C � �
�
A O
O C � �

�
O BT

� B O � �
H � K � (27)

Note thatH , the symmetric part of
�
A , is symmetric positive semidefinite since

both A andC are. Letα � 0 be a parameter. Similar in spirit to the classical ADI
(Alternating-Direction Implicit) method, we consider the following two splittings of�
A :

�

A � �
H � αI � �

�
αI � K � and

�

A � �
K � αI � �

�
αI � H � �

HereI denotes the identity matrix of ordern � m. The stationary HSS iteration is
then

xk � 1
� xk � P 
 1

α rk � rk
� �

b �
�

A xk �

where the matrixP is given by

P � Pα
� 1

2α
�
H � αI � �

K � αI � � (28)

Assuming thatA is SPD andB has full rank, it has been shown in [2] that the itera-
tive process (28) is convergent to the unique solution of (26) for all α � 0. However,
the rate of convergence of the HSS iteration is rather slow, even with the “optimal”
choice ofα. For these reasons it was proposed in [2] that GMRES or other Krylov
subspace methods should be used to accelerate the convergence of the HSS method.
In other words, the HSS method is best used as a preconditionerfor (say) GMRES
rather than as a stationary iterative method. Note that as a preconditioner we can use
Pα

� �
H � αI � �

K � αI � instead of the expression given in (28), since the factor1
2α

has no effect on the preconditioned system. The spectral analysis of HSS precondi-
tioning for general saddle point problems can be found in [39] and [5]. The analysis
shows that the eigenvalues of the preconditioned matrix are all real and positive for
all α � 0, and furthermore asα � 0 they all fall within two small intervals

�
0 � ε1 �

and
�
2 � ε2 � 2� , with ε1 � ε2 � 0 andε1 � ε2 � 0 asα � 0. This suggests thatα should

be taken to be small, but not too small; experience suggests that for a problem scaled
so thatA andC have unit nonzero diagonal entries, a value ofα between 0� 1 and
0 � 5 is often a good choice. In practice, solves with the shifted matricesH � αI and
K � αI are performed inexactly for efficiency reasons. Approximately solving linear
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systems involvingH � αI is usually straightforward, whereas solving linear systems
involving the shifted skew-symmetric partK � αI is slighly more complicated. This
step requires the solution of a linear system of the form�

αuk � 1 � BT pk � 1
� fk �

� Buk � 1 � α pk � 1
� gk �

(29)

This can be accomplished by first eliminatinguk � 1 from the second equation using
the first one (Schur complement reduction), leading to a smaller (orderm) linear
system of the form �

BBT � α2I � pk � 1
� B fk � αgk � (30)

This is a linear system with an SPD coefficient matrix which can be approximately
solved by, e.g., a preconditioned Conjugate Gradient method. In this case, it is nec-
essary to use a flexible Krylov subspace method, such as FGMRES,for the outer
iteration; see [36].

8 Numerical examples

We firstly present an example of block diagonal preconditioning for a problem in
incompressible fluid mechanics.

The underlying problem is the Stokes problem which is the particular caseσ � 0
of thegeneralizedStokesproblem:

σu � ν∇2u � ∇ p � f in Ω (31)

divu � 0 in Ω (32)

u � g on ∂Ω � (33)

Hereu is the velocity andp the pressure (the Lagrange multiplier in this application).
Ω � � d (d � 2 � 3) is the domain of the partial differential equation with boundary
∂Ω on which we have assumed simple Dirichlet conditions. The parameterν is the
kinematic viscosity which is taken to have the value one for the classical Stokes
problem. See [13] for details.

This first example is computed with a common mixed finite element formulation:
the block preconditioner combines a single simple multigrid V-cycle approximation
of A and a diagonal matrix to approximateS and is run using the freely available
IFISS software ( [26]). We include iteration counts (which are seen to be essentially
constant—indeed to reduce slightly—over a range of increasing problem dimension)
and cpu times on the same workstation. Timings for a direct solution are given for
comparison.

We can notice from Table 1 that for the largest-dimensional problem memory
becomes an issue: the sparse direct method runs out of memorycompletely and fails
for this problem and the timing for the iterative method is much greater than expected
presumably because of slower memory access times for the moreremote levels of
cache which are needed for this problem.
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Table 1. Block dimensions and number of MINRES iterations needed for 10 	 6 reduction in
residual for locally stabilizedQ1 � P0 mixed fi nite elements for Stokes flow in a cavity. Block
diagonal preconditioner:

�
A is one multigrid V-cycle with 1,1 relaxed Jacobi smoothing and

�
S

is the diagonal pressure mass matrix. The cpu time (in seconds) is that required on the same
computer (a Sun sparcv9 502 MHz processor with 1024 Mb of memory). The cpu time is also
given for a sparse direct solve (UMFPACK in MATLAB).

grid n m iterations cpu time sparse direct cpu
64 � 64 8450 4096 38 14.3 6.8

128 � 128 33282 16384 37 37.7 48.0
256 � 256 132098 65536 36 194.6 897
512 � 512 526339 263169 35 6903 out of memory

To give an example of constraint preconditioning, we turn to problems from Op-
timization, specifically to a family of test problems from the CUTEr test set ( [22]).
We present results only for the simplest Schilders’ factorization (24) for three of
the family of CVXQP1 test problems. As indicated in the section above, Conjugate
Gradient iteration is applicable with constraint preconditioning and this is applied
here. The number of Conjugate Gradient iterations to achievea 10
 6 reduction in
the preconditioned residual (defined only on then � dimensional space of the primal
variableu as described above) are given in Table 2. Note that the three problems
are different: the comparison here is for the same relative reduction which gives the
decreasing iteration counts indicated. For these problems, the iteration counts would
be more similar for an absolute residual tolerance.

Table 2. Block dimensions and number of Conjugate Gradient iterations needed for 10	 6 re-
duction in the preconditioned residual for the simplest Schilders’ factorization preconditioner
(24).

test problemn m iterations
CVXQP1 S 100 50 44
CVXQP1 M 1000 500 28
CVXQP1 L 10000 5000 10

Our final numerical example demonstrates the performance of the HSS precon-
ditioner on the generalized Stokes problem.

In Table 3 we report the numerical results for Flexible GMRES with inexact
HSS preconditioning applied to a set of generalized Stokes problems. The dis-
crete saddle point problems were generated in this case by theMarker-and-Cell
(MAC) finite difference discretization on a 40� 40 � 40 grid for different values
of σ ( � 1 � ∆t in the context of implicit solution of time-dependent problems) andν.
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Homogeneous Dirichlet boundary conditions were imposed on thevelocities. Here
Ω � � 0 � 1� �

� 0 � 1� �
� 0 � 1� ; the discrete problem has over 250,000 unknowns. The

parameterα was set to 0� 5, and a zero initial guess was used. The outer iteration
was stopped when a reduction of the initial residual by six orders of magnitude was
reached. For the inexact inner solves we used Conjugate Gradients with incomplete
Cholesky preconditioning; the inner iterations were stopped as soon as a reduction
of the initial residual by one order of magnitude was attained. This only required 1-2
PCG iterations per inner linear solve. The iteration counts, which can be shown to be
largely independent of the grid size, improve for increasing σ and decreasingν.

Table 3. Iteration count for 3D generalized Stokes problem, inexactHSS preconditioning.

σ ν � 0 � 1 ν � 0 � 01 ν � 0 � 001 ν � 10	 6

1 45 27 16 13
10 32 19 15 12
20 30 18 14 11
50 28 15 13 11
100 25 14 12 10

In Table 4 we show timings (in seconds) for an unsteady Stokes problem with
ν � 0 � 001 for different grids. Denoted byh the grid size, we letσ � h 
 1. We use
HSS preconditioning withα � 0 � 5. We also report the dimensionsn andm and the
total number of FGMRES iterations. The test runs were done on one processor of a
SunFire V880 workstation with 8 CPUs and 16 GB of memory.

Table 4. Results for 3D unsteady Stokes problem,ν � 0 � 001.

grid n m iterations cpu time
10 � 10 � 10 2700 1000 12 0.42
20 � 20 � 20 22800 8000 12 4.66
30 � 30 � 30 78300 27000 12 20.97
40 � 40 � 40 187200 64000 13 66.02

9 Conclusions

Saddle point problems arise naturally in many large scale computations, particularly
in the solution of PDEs by mixed finite elements, interior point methods for con-
strained optimization, weighted least squares, and so forth. The last decade has seen
considerable progress in the development of iterative solvers and preconditioners for
this class of problems. In this paper we have given a concise overview of some of the
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most promising preconditioning techniques for linear systems in saddle point form,
in particular block and constraint preconditioning. We have also pointed out a possi-
ble connection between preconditioners based on approximate Schur complements
and the approximation of matrix-valued transfer functions, an essential component
of model order reduction for time-invariant linear dynamical systems.
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