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Summary. The convergence of multiplicative Schwarz-type methods for
solving linear systems when the coefficient matrix is either a nonsingular
M -matrix or a symmetric positive definite matrix is studied using classical
and new results from the theory of splittings. The effect on convergence
of algorithmic parameters such as the number of subdomains, the amount
of overlap, the result of inexact local solves and of “coarse grid” correc-
tions (global coarse solves) is analyzed in an algebraic setting. Results on
algebraic additive Schwarz are also included.

Mathematics Subject Classification (1991):65F10, 65F35, 65M55

1. Introduction

We consider the solution of large sparse linear systems of the form

Ax = b(1)

bymultiplicativeoradditiveSchwarzmethods.Ouraim is toapply the theory
of matrix splittings to study the convergence of these classes of methods,
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using properties of the coefficient matrix only. Specifically, we analyze two
cases: the case where the coefficient matrixA is a nonsingularM -matrix,
andwhenA is symmetric positive definite (s.p.d.). Aswe shall see, in several
situations there is a nice common theory in the treatment of these two cases,
using the appropriate splittings for each case. The exceptions are Sects. 5
and 6 where for multiplicative Schwarz only theM -matrix case is studied.

While several convergence results on Schwarz methods exist when the
matrixA in (1) corresponds to the discretization of a differential equation
(see, e.g., [9], [40], [44], and the extensive bibliography therein), there is a
need to analyze these methods in a purely algebraic setting. As we show,
there are instances where the tools developed here provide convergence
analysis not available with the usual Sobolev space theory. We believe that
the algebraic and analytical points of view complement each other. Further-
more, there are applications, such as electrical power networks and Leontief
models in economics, where the matrixA does not come from a differential
equation (and it is anM -matrix); see, respectively, [10] and [2]. Another
case of interest is when the problem arises from the discretization of a dif-
ferential equation but no geometric information about the underlying mesh
is available to the solver. Additionally, an algebraic approach is useful for
the case of unstructured meshes [7].

There are several paperswith detailed abstract analysis (i.e., independent
of the particular differential equations in question) of Schwarz methods,
including those of Xu [51] and Griebel and Oswald [23], whereA-norm
bounds are obtained for the symmetric positive definite case; see also the
nicely written survey [25]. In other cases, e.g., in [32], the maximum prin-
ciple is used to show convergence.

In this paper we concentrate on the case of algebraic multiplicative
Schwarz, although we include new results on additive Schwarz, and hy-
brid methods as well. We emphasize methods where overlap is used, i.e.,
when the same variable is present in more than one local solver. The present
work can be seen as a continuation of [20] where algebraic additive Schwarz
was considered, and it complements the heuristic study [7].

While we do not provide condition number estimates for a precondi-
tioned system, our convergence results point out to the usefulness of the
multilevel methods as solution methods as well as preconditioners for a
wider class of problems. In the s.p.d. case we are able to prove convergence
without the usual assumptions; seeRemark 4.11 below. In the nonsymmetric
case, we can prove convergence without any condition on the coarse grid
correction, and in fact convergence is shown without the need for a coarse
grid correction; see Remark 3.6.
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Given an initial approximationx0 to the solution of (1), the (one-level)
multiplicative Schwarz method can be written as the stationary iteration

xk+1 = Txk + c, k = 0, 1, . . . ,(2)

where

T = (I − Pp)(I − Pp−1) · · · (I − P1) =
1∏

i=p

(I − Pi)(3)

andc is a certain vector. Here

Pi = RT
i (RiART

i )−1RiA

whereRi is a matrix of dimensionni × n with full row rank,1 ≤ i ≤ p. In

the case of overlap we have
p∑

i=1

ni > n. Note that eachPi, and hence each

I−Pi, is aprojectionoperator; i.e.,(I−Pi)2 = I−Pi. EachI−Pi is singular
and has spectral radius equal to 1. Yet, as we will see, the productT given
by (3) has spectral radius strictly less than 1 under suitable assumptions. In
fact, for an appropriate norm‖I − Pi‖ = 1, i = 1, . . . , p (as is well known
for A s.p.d.) but the product matrixT has norm less than 1.

The matrixRi corresponds to the restriction operator from the whole
space to a subdomainΩi (of dimensionni) in the domain decomposition
setting, and the matrixAi = RiART

i is the restriction ofA to that subdo-
main. A solution usingAi is called a local solve, and this name carries to
the purely algebraic case. Our approach consists in determining the unique
splittingA = B − C with B invertible and such thatT = B−1C, and to
study the properties of that splitting; see Lemma 2.1 below. In this way we
can exploit the rich theory of matrix splittings and prove convergence under
appropriate conditions.

In this paper we emphasize the use of Schwarz methods as solvers rather
than preconditioners. We note that when used as a preconditioner, particu-
larly in the case of symmetric positive definite problems and the conjugate
gradientmethod, themultiplicativeSchwarzmethod isusually symmetrized;
that is, the application of thep projections in (3) is followed by another
sweep of projections applied in the reverse order. Many of the results and
techniques of this paper can be applied to the symmetrized iterations.

There are a number of papers dealing with algebraic Schwarz methods,
including [7], [16], [18], [19], [42], [43], [46], [53]; see also [29]. In many
of these, only special cases, such as tridiagonal, or block-tridiagonal matri-
ces, or matrices derived from a particular model problem, are studied. Our
contribution is to provide convergence results for multiplicative Schwarz
methods (with overlapping blocks) for generalM -matrices and for s.p.d.
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matrices. We present our convergence bounds in terms of matrix norms as
well as spectral radii, and use both of these to compare the convergence of
different versions. In particular, we analyze the effect on convergence of
algorithmic parameters such as the number of blocks (or subdomains)p, the
amount of overlap, inexact local solves, and the effect of adding coarse grid
corrections (both multiplicatively and additively).

2. Auxiliary results

The purpose of this section is to introduce some notation and a few results
that will be used extensively in the remainder of the paper. A matrixB is
nonnegative (positive), denotedB ≥ O (B > O) if its entries are nonneg-
ative (positive). We say thatB ≥ C if B − C ≥ O, and similarly with
the strict inequality. These definitions carry over to vectors. A matrixA is
a nonsingularM -matrix if its off-diagonal elements are nonpositive, and
it is monotone, i.e.,A−1 ≥ O. It follows that ifA andB are nonsingular
M -matrices andA ≥ B, thenA−1 ≤ B−1 [2], [49]. By ρ(B) we denote
the spectral radius of the matrixB.

A matrix B is symmetric positive definite (s.p.d.), denotedB � O,
if it is symmetric and if for all vectorsu �= 0, uTBu > 0, and positive
semidefinite, denotedB 	 O, if for all vectorsu �= 0, uTBu ≥ 0. We say
thatB 	 C if B−C 	 O, and similarly with the strict inequality. It follows
that ifA andB are s.p.d. andA 	 B, thenA−1 
 B−1. If A � O one can
define theA-norm of a vectorx as‖x‖A = (xTAx)1/2. This vector norm
induces a matrix norm in the usual way.

We say thatA = M −N is a splitting ifM is nonsingular. The splitting
is regular ifM−1 ≥ O andN ≥ O; it is weak regular ifM−1 ≥ O
andM−1N ≥ O; and it is nonnegative ifM−1 ≥ O, M−1N ≥ O, and
NM−1 ≥ O [2], [49], [50]. The splitting isP -regular ifMT +N is positive
definite [39]. Note that ifA is symmetricMT + N = MT + M − A is
also symmetric. We say that a splitting is astrongP -regular splittingof A
s.p.d., whenN 	 O. This implies thatM � O and that in particular it is a
P -regular splitting. The following result, which can be found, e.g., in [1],
shows that given an iteration matrix, there is a unique splitting for it.

Lemma 2.1. LetA andT be square matrices such thatA andI − T are
nonsingular. Then, there exists a unique pair ofmatricesB,C, such thatB is
nonsingular,T = B−1C andA = B−C. ThematricesareB = A(I−T )−1

andC = B − A = A((I − T )−1 − I).

The following characterization ofP -regular splittings will be useful in
our analysis; for a proof, see [20], or [52].
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Lemma 2.2. LetA be symmetric positive definite. ThenA = M − N is a
P-regular splitting if and only if‖M−1N‖A < 1.

In this paper we assume that the rows ofRi are rows of then×n identity
matrix I, e.g.,

Ri =


0 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0


 .

This restriction operator is often called a Boolean gather operator, while its
transposeRT

i is called a Boolean scatter operator. Formally, such a matrix
Ri can be expressed as

Ri = [Ii|O]πi(4)

with Ii the identity onRni andπi a permutation matrix onRn. In this case,
it follows thatAi is anni × ni principal submatrix ofA. In fact, we can
write

πiAπT
i =

[
Ai Ki

Li A¬i

]
,(5)

whereA¬i is the principal submatrix ofA “complementary” toAi, i.e.

A¬i = [O|I¬i] · πi · A · πT
i · [O|I¬i]T(6)

with I¬i the identity onR
n−ni . Recall that ifA is anM -matrix, so are

its principal submatrices, and thus bothAi andA¬i areM -matrices [2].
Similarly if A is s.p.d., then, bothAi andA¬i are s.p.d.

For eachi = 1, . . . , p, we construct diagonal matricesEi ∈ R
n×n

associated withRi from (4) as follows

Ei = RT
i Ri.(7)

These diagonal matrices have ones on the diagonal in every row whereRT
i

has nonzeros. We further assume that ifSi is the set of indexes of the rows
of the identity that are rows ofRi, then

p⋃
i=1

Si = S = {1, 2, . . . , n}.(8)

In other words each variable is in at least one setSi. This is equivalent to

saying that
p∑

i=1

Ei ≥ I, with equality if and only if there is no overlap. Note

that in the case of overlapping blocks, we have here that each diagonal entry

of
p∑

i=1

Ei is greater than or equal to one, which implies nonsingularity. Only

in the rows corresponding to overlap this matrix has an entry different from
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one. In the case of overlap, the maximum that these entries can attain isq,

the measure of overlap defined below. We thus have that
p∑

i=1

Ei ≤ qI.

Let us define ameasure of overlapq of the decomposition (8) as the
minimal number of setsVk (k = 1, . . . , q) such that

q⋃
k=1

Vk =
p⋃

i=1

Si = S = {1, 2, . . . , n},(9)

where eachSi is a subset of someVk, and if

Si ⊂ Vk and Sj ⊂ Vk for the samek, i �= j, then Si ∩ Sj = ∅.(10)

In other words, the measure of overlap is

q = max
j=1,...,n

|{i : j ∈ Si}|,

and obviouslyq = 1 implies that there is no overlap.
Following Hackbusch [24, Ch. 11], we define thenumber of colors̃q of

the decomposition (8) as the number of setsVk satisfying (9), (10), and in
addition, ifr ∈ Si, s ∈ Sj , then thematrix entriesars = asr = 0 . It follows
thatq ≤ q̃, and often this inequality is strict. Furthermore,q depends only
on the partition of the variables, whilẽq also on the graph of the matrixA.
As we shall see, these two quantities are used in the study of convergence
of the additive Schwarz method. The measure of overlap is relevant in the
M -matrix case, while the number of colors in the s.p.d. case.

We illustrate the concepts of measure of overlap and number of colors
with two examples. Consider the10 × 10 matrix

A =




A11 O O A1,4 O
O A2,2 O A2,4 A2,5
O O A3,3 O A3,5

A4,1 A4,2 O A4,4 O
O A5,2 A5,3 O A5,5


 ,

where all diagonal blocksAi,i, i = 1, . . . , 5 are2 × 2 matrices. Now let
Si = {2i − 1, 2i}, i = 1, . . . , 5, i.e. there is no overlap. Hence, we have
for the measure of overlapq = 1. We have only one setV1 =

⋃5
i=1 Si. The

number of colors is̃q = 2 with V1 = S1 ∪ S2 ∪ S3, V2 = S4 ∪ S5. If we
take

S1 = {1, 2, 7, 8}, S2 = {3, 4}, S3 = {5, 6, 9, 10},
S4 = {7, 8}, S5 = {9, 10}
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we haveq = 2 with V1 = S1 ∪ S2 ∪ S3 andV2 = S4 ∪ S5. The number of
colors isq̃ = 3 with V1 = S1 ∪ S3, V2 = S2 andV3 = S4 ∪ S5.

If A is a nonsingularM -matrix, for eachi = 1, . . . , p, we construct a
second set of matricesMi ∈ R

n×n associated withRi from (4) as follows

Mi = πT
i

[
Ai O
O D¬i

]
πi,(11)

where
D¬i = diag(A¬i) ≥ O(12)

has positive entries along the diagonal and thus is invertible.

Proposition 2.3. LetA be a nonsingularM -matrix. LetMi be defined as
in (11). Then the splittingsA = Mi −Ni are regular (and thus weak regular
and nonnegative).

Proof. Observe that

M−1
i = πT

i

[
A−1

i O
O D−1

¬i

]
πi

is nonnegative. Thus,Mi is anM -matrix. MoreoverNi = Mi − A is
nonnegative, since it is a symmetric permutation of a matrix with a 2 by 2
block structure, the off-diagonal blocks being nonnegative and the diagonal
blocks being either zero, or nonnegative with a zero diagonal.��

With the definitions (7) and (11) we obtain the following equality which
we will use throughout the paper

EiM
−1
i = RT

i A−1
i Ri, i = 1, . . . , p.(13)

We note that the matrixMi defined in (11) is different from the one used
in [20], althoughwe obtain the same characterization (13). All results in [20]
hold verbatimfor this different choice ofMi. In fact, we have a great deal
of flexibility in choosing the matricesMi, as long as the equality (13) holds.
Wewill take advantage of this flexibility in sections 4–6 when analyzing the
change in the convergence rate by varying the degree of overlap, the number
of blocks (subdomains) and the level of inexactness of the local solves. For
the analysis of the s.p.d. case, we choose a different set of matricesMi

satisfying (13), namely the choice made in [20]. We abuse the notation, but
in each case it is clear from the context which matrix it is we are using.

LetA be s.p.d. For eachi = 1, . . . , p, we construct matricesMi ∈ R
n×n

associated withRi as follows

Mi = πT
i

[
Ai O
O A¬i

]
πi.(14)

It follows thatMi is s.p.d., and that it satisfies the identity (13).
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Proposition 2.4. LetA be a symmetric positive definite matrix. LetMi be
defined as in(14). Then, the splittingsA = Mi − Ni are P-regular.

Proof. SinceAT
i = Ai andAT

¬i = A¬i, we write

MT
i + Ni = πT

i

[
Ai −Ki

−Li A¬i

]
πi.

The following identity shows that this matrix is s.p.d., and thus we have a
P -regular splitting:

πT
i

[
I

−I

] [
Ai −Ki

−Li A¬i

] [
I

−I

]
πi = πT

i

[
Ai Ki

Li A¬i

]
πi = A.

��
Given a positive vectorw ∈ R

n, denotedw > 0, theweightedmax-norm

is defined for anyy ∈ R
n as‖y‖w = max

j=1,···,n
| 1
wj

yj |; see, e.g., [26], [41].
As usual the matrix norm is defined as‖T‖w = sup

‖x‖w=1
‖Tx‖w, and can be

obtained as (see, e.g., [41])

‖T‖w = max
i

(|T |w)i

wi
.(15)

We point out that forT ≥ O, Tw < γw implies‖T‖w < γ (γ > 0) [41].
Weighted max norms play a fundamental role in the study of asynchronous
methods (see [21], [45]), and are natural generalizations of the usual max
norm. Most of our estimates hold for all positive vectorsw of the form
w = A−1e, wheree is any positive vector, i.e., for any positive vectorw
such thatAw is positive. In particular this would hold forw = A−1e and
e = (1, . . . , 1)T , i.e., withw being the row sums ofA−1. Recall that forA
a nonsingularM -matrix,A−1 ≥ O, and that sinceA−1 is nonsingular, no
row of it can be a zero row. This guarantees thatw = A−1e > 0. The same
logic is used to conclude thatM−1e > 0 for any monotone matrixM , and
this is also used in our proofs.

In this paper we will use several comparison theorems. The first relates
the weighted max norms of the iteration matrices and can be found in [20],
[37].

Theorem 2.5. LetA−1 ≥ O, and letA = M − N = M̄ − N̄ be two weak
regular splittings ofA with

M−1 ≥ M̄−1.(16)

Letw > 0 be such thatw = A−1e for somee > 0. Then,

||M−1N ||w ≤ ||M̄−1N̄ ||w < 1.(17)

If the inequality(16) is strict, then the first inequality in(17) is also strict.
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We point out that with the same hypotheses of Theorem 2.5, an inequal-
ity of the form (17) does not necessarily hold for the spectral radii; see a
counterexample in [15]. The following three lemmas are helpful in our com-
parisons of spectral radii. The first one is well known, and can be found,
e.g., in [31].

Lemma 2.6. Assume thatT ∈ R
n×n is nonnegative and that for some

α ≥ 0 and for some nonzero vectorx ≥ 0, we haveTx ≥ αx. Then
ρ(T ) ≥ α. The inequality is strict ifTx > αx.

Lemma 2.7. Assume thatA = M − N = M̄ − N̄ are two splittings ofA,
thatM̄−1N̄ ≥ O, and thatM−1N hasaneigenvectorx ≥ 0witheigenvalue
ρ(M−1N) such thatAx ≥ 0. If (16) holds, thenρ(M−1N) ≤ ρ(M̄−1N̄).

Proof. We haveO ≤ M̄−1N̄ = I − M̄−1A. Therefore

(I − M̄−1A)x ≥ (I − M−1A)x = ρ(M−1N)x ,

and the assertion follows from Lemma 2.6.��
Lemma 2.8. LetA be monotone. LetA = M − N be a splitting such that
M−1 ≥ O andNM−1 ≥ O (sometimes called weak nonnegative of the
second type). Thenρ(M−1N) < 1 and there exists a non-zero vectorx ≥ 0
such thatM−1Nx = ρ(M−1N)x andAx ≥ 0.

Proof. Note first thatAT = MT − NT is a weak regular splitting ofAT

withA−T ≥ O, and thus convergent [2], [49]. Therefore,ρ((MT )−1NT ) =
ρ((NM−1)T ) = ρ(NM−1) < 1. Moreover, since the spectrum ofNM−1

is equal to that ofM−1N we know thatρ(NM−1) = ρ(M−1N) is an
eigenvalue ofM−1N . Let x �= 0 be an eigenvector ofM−1N which is
scaled in such a way that not all its components are negative. We now first
prove the lemma by assuming not onlyNM−1 ≥ O butNM−1 > O. Then
we have (denotingρ = ρ(M−1N)) thatM−1Nx = ρx and therefore

Nx = (NM−1)(Mx) = ρMx .(18)

By the Perron-Frobenius theorem (see, e.g., [2], [49]), the positive matrix
NM−1 has a positive eigenvectory belonging to the eigenvalueρ and, up
to scaling, this eigenvector is unique. SinceMx �= 0 we therefore have
Mx = αy for someα �= 0, and thusx = αM−1y. ButM−1y > 0, and
since not all components ofx are negative we see thatα > 0 and therefore
x > 0 as well asMx > 0. From (18) we have that

Ax = Mx − Nx = (1 − ρ)Mx

and sinceρ < 1 this provesAx > 0.
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To complete the proof, assume now thatNM−1 ≥ O. LetE ∈ R
n×n be

the matrix with all entries 1 and takeγ > 0 sufficiently small such that the

series
∞∑

ν=0

(γEM−1)ν converges. In this case we have, sinceEM−1 > O,

O <

∞∑
ν=0

(γEM−1)ν = (I − γEM−1)−1

as well as
O < B := (I − γEM−1)−1M−1 .

For all positiveε smaller thanε0 = ρ(BMA−1) we consider the splittings

Aε = M − (N + εBM) .

Then
(N + εBM)M−1 = NM−1 + εB > O

and

A−1
ε = A−1(I − εBMA−1)−1 = A−1

∞∑
ν=0

(εBMA−1)ν ≥ O .

By what we have already shown there exist positive vectorsxε such that
M−1(N+εBM)xε =ρ(M−1(N+εBM))xε andAεxε > 0.Wenormalize
thesevectors tohavenorm1andputεk = 1

kε0. Then thesequencexεk
admits

a convergent subsequence with limitx ≥ 0, x �= 0. By continuity, thisx
satisfiesM−1Nx = ρx as well asAx ≥ 0. ��

The following theorem of Wóznicki [50] is now a direct consequence of
Lemmas 2.7 and 2.8.

Theorem 2.9. LetA−1 ≥ O. Assume thatA = M −N = M̄ − N̄ are two
nonnegative splittings withM−1 ≥ M̄−1. Then,

ρ(M−1N) ≤ ρ(M̄−1N̄) < 1.(19)

The inequality(19) is strict ifA−1 > O andM−1 > M̄−1.

The following counterpart of Theorem 2.9 in the s.p.d. case is from [35].

Theorem 2.10.LetA � O. Assume thatA = M − N = M̄ − N̄ are two
(strongP -regular) splittings withO 
 N 
 N̄ . Then,(19)holds. The first
inequality(19) is strict ifO 
 N ≺ N̄ .

We conclude this section with a new comparison theorem, which is the
counterpart to Theorem 2.5 usingA-norms, whereA is s.p.d. We first prove
an intermediate result.
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Lemma 2.11. LetA � O, and letA = M − N be a splitting ofA such
thatM is symmetric. Thenρ(M−1N) = ||M−1N ||A.
Proof. It follows from the following identities:

||M−1N ||A = ||I − M−1A||A = ||I − A1/2M−1A1/2||2
= ρ(I − A1/2M−1A1/2) = ρ(I − M−1A) = ρ(M−1N).

��
The following theorem follows now directly from Lemma 2.11 and The-

orem 2.10.

Theorem 2.12.LetA � O, and letA = M −N = M̄ − N̄ be two (strong
P -regular) splittings ofA with

O 
 N 
 N̄ .(20)

Then,
||M−1N ||A ≤ ||M̄−1N̄ ||A < 1.(21)

If the second inequality in(20) is strict, then, the first inequality in(21) is
also strict.

The hypothesis (20) cannot be weakened, i.e., we need to assume that
thematricesN1 andN2 are positive semidefinitematrices. Examples in [35]
show that Theorems2.10 and 2.12 are not true if one only assumesP -regular
splittings.

3. Convergence of the one-level method

In this section we prove convergence of the one-level scheme (2) under the
assumption that the rows ofRi are rows of then × n identity matrixI, i.e.,
thatRi has the form (4). Recall the definition of the setsSi in (8). In general,
theSi are not disjoint. When they are, we have the multiplicative Schwarz
method without overlap. The following important lemma covers both cases
(overlapping and non-overlapping).

Lemma 3.1. LetAbemonotone,and letacollectionofp triples(Ei,Mi, Ni)

be given such thatO ≤ Ei ≤ I,
p∑

i=1

Ei ≥ I, andA = Mi − Ni is a weak

regular splitting for1 ≤ i ≤ p. Let

T = (I − EpM
−1
p A)(I − Ep−1M

−1
p−1A) · · · (I − E1M

−1
1 A).(22)

Then for any vectorw = A−1e > 0 with e > 0, ρ(T ) ≤ ‖T‖w < 1.
Furthermore,

‖I − EiM
−1
i A‖w = 1, i = 1, . . . , p.(23)
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Proof. In order to show that‖T‖w < 1, where‖T‖w denotes the maximum
weighted norm ofT with respect to a certain vectorw > 0, we show that
T ≥ O andTw < w.

ClearlyT ≥ O because fori = 1, . . . , p,

I − EiM
−1
i A = I − Ei + Ei(I − M−1

i A)

= I − Ei + EiM
−1
i Ni ≥ O(24)

andM−1
i Ni ≥ O since the splittings are weak regular.

Next, we show thatTw < w with w = A−1e wheree > 0. To begin
with, note that

w1 := (I − E1M
−1
1 A)w = w − E1M

−1
1 e ≥ 0.

Hence,0 ≤ w1 ≤ w, with strict inequality in the components corresponding
toS1. In other words, denoting with(w1)i theith component ofw1, we have

(w1)i

{
= wi if i /∈ S1;
< wi if i ∈ S1.

Now letw2 := (I − E2M
−1
2 A)w1, we claim thatw2 ≤ w, and that in the

components corresponding toS2, the inequality is strict. Indeed,

0 ≤ (I−E2M
−1
2 A)w1 = (I−E2M

−1
2 A)(w1−w+w) ≤ (I−E2M

−1
2 A)w.

Now observe that

(w2)i

{
= (w1)i ≤ wi if i /∈ S2;
< wi if i ∈ S2,

sincei ∈ S2 implies that

(w2)i = [(I − E2M
−1
2 A)(w1 − w)]i + (w − E2M

−1
2 e)i < wi.

Similarly, one can show that for allk ≤ p − 1,

(wk+1)i

{
= (wk)i if i /∈ Sk+1;
< wi if i ∈ Sk+1.

Because
p⋃

i=1

Si = {1, 2, . . . , n}, we conclude thatTw < w. It follows that

‖T‖w < 1 and thereforeρ(T ) < 1. To complete the proof, observe that we
have shown that for eachi = 1, . . . , p, and eachj = 1, . . . n

(I − EiM
−1
i Aw)j ≤ wj ,(25)

and thus‖I −EiM
−1
i A‖w ≤ 1. This upper bound is attained since we have

shown the inequality in (25) is actually an equality forj /∈ Si, cf. (15). ��
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Remark 3.2.Lemma 3.1 holds for any monotonic norm, i.e., a norm for
which0 ≤ v ≤ w implies‖v‖ ≤ ‖w‖. In fact, this is also the case for many
other results in this paper. One of the exceptions is Theorem 4.7 in the next
section, where the weighted max norm cannot be easily replaced.

Remark 3.3.The collection of triples{(Ei,Mi, Ni)}p
i=1 can be thought of

as amultiplicativemultisplittingofA, in analogywith the standard (additive)
multisplitting of a matrix in the sense of O’Leary and White [38]; see also
[6] and the extensive bibliography therein, and [36] for further extensions.

Remark 3.4.In the special case whereEi = I for all i = 1, 2, . . . , p, we
obtain an extension to the case ofp splittings of Theorem 3.2 in [1]; see also
the remarks at the end of Sect. 3 in [1].

Lemma3.1, togetherwith the characterization (13) andLemma2.1, is the
fundamental tool for proving the convergence of the multiplicative Schwarz
method for nonsingularM -matrices.

Theorem 3.5. LetA be a nonsingularM -matrix. Then the multiplicative
Schwarz iteration(2) converges to the solution ofAx = b for any choice of
the initial guessx0. In fact, for anyw = A−1e > 0 with e > 0, we have
ρ(T ) ≤ ‖T‖w < 1. Furthermore, there exists a unique splittingA = B−C
such thatT = B−1C, and this splitting is nonnegative.

Proof. Let Ei be as in (7) andMi as in (11). Observe thatO ≤ Ei ≤ I,
1 ≤ i ≤ p. The key to the proof is the characterization (13), from which we
have

I − Pi = I − EiM
−1
i A, 1 ≤ i ≤ p.(26)

Moreover, by Proposition 2.3, the splittingsA = Mi − Ni (with Ni =
Mi − A) are regular. Hence, by Lemma 3.1,ρ(T ) ≤ ‖T‖w < 1 for any
w = A−1e > 0 with e > 0, and the iteration (2) converges for any initial
vectorx0. Furthermore, by Lemma 2.1, there exists a unique splittingA =
B − C such thatT = B−1C. To prove that the splitting is nonnegative we
begin by showing thatB−1 = (I − T )A−1 is nonnegative or, equivalently,
thatB−1z ≥ 0 for all z ≥ 0. Letting v = A−1z ≥ 0, all we need to
show is that(I − T )v ≥ 0, or Tv ≤ v. This is proved in the same way as
Lemma 3.1. Hence, the unique splittingA = B − C is weak regular. To
show that it is nonnegative we need to show thatT̄ = I − AB−1 is also
nonnegative. To see this, note thatT̄ = (I − P̄p)(I − P̄p−1) · · · (I − P̄1),
whereP̄i = AEiM

−1
i = ART

i A−1
i Ri, in view of the representation (13).

To complete the proof we show that each factorI − P̄i is nonnegative. In
fact,

I − P̄ T
i = I − RT

i A−T
i RiA

T = I − EiM
−T
i AT ≥ O,(27)

just as in (24). ��
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Remark 3.6.In the analysis of multiplicative Schwarz for nonsymmetric
problems using analytical tools, convergence is only obtained assuming the
addition of a (multiplicative) coarse grid correction, and furthermore that the
coarse grid be fine enough; see, e.g., [8], [44, Sect. 5.4]. As can be observed,
in theM -matrix case, our Theorem 3.5 (as well as Theorem 4.5 with inexact
solves) provides convergence without a coarse grid correction. In Sect. 7 we
show convergence of the multiplicative Schwarz method with a coarse grid
correction (both additive and multiplicative) without any restriction on how
fine it is.

We turn now to the counterpart to the convergence Theorem 3.5 in the
s.p.d. case. To that end, we first prove the following lemma.

Lemma 3.7. LetA be a symmetric positive definite matrix. Letx, y ∈ R
n,

such that
y = (I − EiM

−1
i A)x,(28)

whereEi is defined in(7)andMi in (14). Then the following identity holds:

||y||2A − ||x||2A = −(y − x)TEiAEi(y − x) ≤ 0.(29)

Furthermore,

‖I − EiM
−1
i A‖A = 1, i = 1, . . . , p.(30)

Proof. Considerx = πT
i (xT

1 , xT
2 )T andy = πT

i (yT
1 , yT

2 )T , with x1, y1 ∈
R

ni . Further, from (7) and (4) we have that

Ei = πT
i

[
Ii O
O O

]
πi.(31)

Consider now (28), whence we immediately have that

y2 = x2,(32)

and using (14) and (5), we also get

Aiy1 = −A12x2,(33)

where here we use the notationA12 = Ki, and similarlyA21 = Li = AT
12.

Using these identities we write

yTAy − xTAx = (yT
1 , yT

2 )πiAπT
i (yT

1 , yT
2 )T −(xT

1 , xT
2 )πiAπT

i (xT
1 , xT

2 )T

= yT
1 Aiy1 + yT

2 A21y1 + yT
1 A12y2 − xT

1 Aix1 − xT
2 A21x1 − xT

1 A12x2

= xT
2 A21(y1 − x1) + (yT

1 − xT
1 )A12x2 + yT

1 Aiy1 − xT
1 Aix1

= −yT
1 Ai(y1 − x1) − (yT

1 − xT
1 )Aiy1 + yT

1 Aiy1 − xT
1 Aix1

= −(yT
1 − xT

1 )Ai(y1 − x1) = −(y − x)TEiAEi(y − x),
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where the last equality follows from the identity

EiAEi = πT
i

[
Ai O
O O

]
πi.

SinceA is s.p.d.,EiAEi is semidefinite, and the right hand side of (29)
is nonpositive. This implies that‖I − EiM

−1
i A‖A = ‖I − GiA‖A ≤ 1,

with Gi = RT
i (RiART

i )−1Ri. To see that this upper bound on the norm is
attained we write

‖(I − GiA)x‖2
A = xTAx − xTAGiAx.

SinceGi is semidefinite, lety be such thatyTGiy = 0, e.g.,y having zeros
in the entries corresponding to the nonzero columns ofRi as in (4). Then,
for x = A−1y we have that‖(I − GiA)x‖2

A = ‖x‖2
A. ��

We note that the result (30) is well known; see, e.g., [24], [3]. Here we
have shown a proof in terms ofEi andMi simply for completeness, and to
emphasize the similarity with (23).

Theorem 3.8. LetA be a symmetric positive definite matrix. Then the mul-
tiplicative Schwarz iteration(2)converges to the solution ofAx = b for any
choice of the initial guessx0. In fact, we haveρ(T ) ≤ ‖T‖A < 1. Further-
more, there exists a unique splittingA = B −C such thatT = B−1C, and
this splitting is P-regular.

Proof. As in the proof of Theorem 3.5 we have the relations (26) following
as a consequence of the equalities (13). Starting withx(1) �= 0 let x(i+1) =
(I − Pi)x(i). Thusx(p+1) = Tx(1). Using (29) repeatedly, and canceling
terms, we obtain

||Tx(1)||2A−||x(1)||2A = −
p∑

i=1

(x(i+1)−x(i))TEiAEi(x(i+1)−x(i)).(34)

SinceEiAEi is positive semidefinite it follows that the right hand side of
(34) is nonpositive. However, the right hand side is zero if and only if

Ei(x(i+1) − x(i)) = 0 for all i, i = 1, . . . , p.

The othern − ni components ofx(i+1) − x(i) are also zero using the same
argument as in Lemma3.7 toobtain (32). But this impliesx(p+1) = x(i+1) =
x(i) = x(1), i = 1, . . . , p. Thusx(1)must beacommonfixedpoint of(I−Pi)
for all i = 1, . . . , p. However, the fixed points of the projections(I − Pi)

are just the vectorsz ∈ R
n with Eiz = 0. Since

p∑
i=1

Ei ≥ I there is no

such common nonzero fixed point. Hence the right hand side of (34) must
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be negative, and we obtainρ(T ) ≤ ||T ||A < 1. Furthermore, by Lemma
2.1, there exists a unique splittingA = B − C such thatT = B−1C. With
Lemma 2.2 we obtain that this induced splitting isP -regular. ��
Remark 3.9.In Lemma 3.7 and in Theorem 3.8 it was not required that
the matrix (14) define aP -regular splitting. Nevertheless, the product of
the operators (26) produces a matrix with an induced splitting which isP -
regular. In fact, we have that in the (unsymmetrized) multiplicative Schwarz
method,BT + C is symmetric and positive definite.

The convergence result of Theorem 3.8 is not new; see, e.g., [9], [24,
Ch. 11], [40], [44], [51]. Here we have given a different proof, as a counter-
part to our new Theorem 3.5.

4. Inexact solves

In this section we study the effect of varying how exactly (or inexactly) the
local problems are solved.We begin with some results for algebraic additive
Schwarz. The additive Schwarz method for the solution of (1) is of the form
(2), where

T = Tθ = I − θ

p∑
i=1

RT
i A−1

i RiA,(35)

where0 < θ ≤ 1 is a damping parameter; see [9], [11], [12], [13], [23],
[24, Ch. 11], [44]. We emphasize that convergence of the damped additive
Schwarz method is only guaranteed forθ ≤ 1/q in theM -matrix case and
for θ < 1/q̃ in the s.p.d. case [20], [24, Ch. 11]. In fact, simple examples
show that this method may not be convergent forθ = 1.

Very often in practice, instead of solving the local problemsAiyi = zi

exactly, such linear systems are approximated byÃ−1
i zi whereÃi is an

approximation ofAi; see, e.g., [5], and the above mentioned references.
By replacingAi with Ãi in (35) one obtains the damped additive Schwarz
iteration with inexact local solves, and its iteration matrix is then

T̃θ = I − θ

p∑
i=1

RT
i Ã−1

i RiA.(36)

In theM -matrix case we assume, as in [20], that the inexact solves
correspond to monotone matrices and satisfy

Ãi ≥ Ai.(37)

Notice that this is equivalent to the condition that the splittings

Ai = Ãi − (Ãi − Ai) be regular splittings.(38)
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In the s.p.d. casewe assume, as is generally done (see, e.g., [24, Ch. 11]),
that the inexact solves correspond to s.p.d. matrices and satisfy

Ãi 	 Ai.(39)

This assumption implies that

Ai = Ãi − (Ãi − Ai) areP -regular splittings.(40)

Conditions (37) and (39) are easily satisfied. This is the case, e.g., if
Ãi has a subset of the nonzeros ofAi (including the diagonal). This last
case includes many standard splittings such as the diagonal, tridiagonal, or
triangular part, as well as block versions of them. The other notable example
is incomplete factorizations̃Ai = LiUi where the nonzeros of the factors are
in the locations of the nonzeros ofAi, and in particular ILU(0) [33]. In these
cases, the inequality (37) holds, or equivalently, we have (weak) regular
splittings [33], [48]. For examples of splittings for which the inequality (39)
holds see [35]. Another situationworthmentioningwhere (39) holds iswhen
Ai is semidefinite and the inexact solver is definite. This process is usually
called regularization; see, e.g., [14], [30].

In [20] it is shown that the damped additive Schwarz iterations with
inexact local solves converge in theM -matrix case under the condition
(37) andθ ≤ 1/q. Furthermore, it is shown that the induced splittings
corresponding to (35) and (36)A = Mθ −Nθ = M̃θ −Ñθ are weak regular.
Herewe show, under the sameconditions, that the convergence rate is slower
than in the exact case, and that the more inexact the local solves are, the
slower the convergence. Furthermore, we show that the splittings induced
by (35) and (36) are actually nonnegative, which allows us to compare
spectral radii.

Theorem 4.1. LetA be a nonsingularM -matrix. LetÃi andĀi be inexact
solves ofAi satisfyingÃi ≥ Āi ≥ Ai. Let the damping factorθ ≤ 1/q,
which implies that the dampedadditiveSchwarzmethod is convergent. Then,
‖Tθ‖w ≤ ‖T̄θ‖w ≤ ‖T̃θ‖w, wherew > 0 is such thatAw > 0, and T̄θ is
obtained by replacing̃Ai by Āi in (36), i = 1, . . . , p. Moreover,ρ(Tθ) ≤
ρ(T̄θ) ≤ ρ(T̃θ), and the splittings induced by these iteration matrices are
nonnegative.

Proof. Observe that

M−1
θ = θ

p∑
i=1

RT
i A−1

i Ri = θ

p∑
i=1

EiM
−1
i ≥ O,(41)

M̃−1
θ = θ

p∑
i=1

RT
i Ã−1

i Ri = θ

p∑
i=1

EiM̃
−1
i ≥ O,(42)
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where

M̃i = πT
i

[
Ãi O
O D¬i

]
πi, and thusM̃−1

i = πT
i

[
Ã−1

i O
O D−1

¬i

]
πi.(43)

Since (37) impliesA−1
i ≥ Ã−1

i , we have

M−1
i ≥ M̃−1

i , for i = 1, . . . , p,(44)

and consequentlyM−1
θ ≥ M̃−1

θ . It was shown in [20] that the unique split-
tingA = Mθ − Nθ induced byTθ is weak regular. The same is true of the
splittingA = M̃θ − Ñθ. It is not difficult to show that these are actually
nonnegative splittings. Consider the splitting induced byTθ. All we need to
show is that the matrix

T̂θ = I − θ

p∑
i=1

ART
i A−1

i Ri

is nonnegative. Taking the transpose of this matrix and reasoning as in the
proof of Theorem 3.4 in [20] it follows that̂Tθ ≥ O, henceI − AM−1

θ =
NθM

−1
θ ≥ O and the induced splitting is nonnegative. Thus, usingTheorem

2.5, we have that ifw > 0 is such thatAw > 0, ‖Tθ‖w ≤ ‖T̃θ‖w. Also,
using Theorem 2.9, we have thatρ(Tθ) ≤ ρ(T̃θ). The other inequalities
follow in the same manner. ��

WhenA is s.p.d. and the inexact solves satisfy (39), convergence holds if
θ < 1/q̃, as shown, e.g., in [24, Ch. 11]. Furthermore, the induced splitting
defined byM̃θ is P -regular; see [20]. Here we show that under the same
hypotheses the convergence using the inexact solves is slower as measured
usingeither the spectral radii or theA-norm (these twoquantities beingequal
in view of Lemma 2.11). Furthermore, the more inexact the local solves are,
the slower the convergence.

We will use he following result for s.p.d. matrices which can be found,
e.g., in [24].

Lemma 4.2. Let A be a symmetric positive definite matrix, andAi =
RiART

i , Ri a restriction operator, so thatAi is a principal submatrix of
A. ThenRT

i A−1
i Ri 
 A−1.

This result is used in [24, Lemma 11.2.7 (ii)], and in other references
(e.g., [44]) to obtain directly the bound

A 
 pM,(45)

and further improve it to
A 
 q̃M,(46)

whereM isMθ for the valueθ = 1.
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Theorem 4.3. Let A be a symmetric positive definite matrix. LetÃi and
Āi be inexact solves ofAi satisfyingÃi 	 Āi 	 Ai. Let the damping
factor θ < 1/q̃, which implies that the damped additive Schwarz method
is convergent. Then,‖Tθ‖A ≤ ‖T̄θ‖A ≤ ‖T̃θ‖A, whereT̄θ is obtained by
replacingÃi byĀi in (36), i = 1, . . . , p.Moreover,ρ(Tθ) ≤ ρ(T̄θ) ≤ ρ(T̃θ),
and the splittings induced by these iteration matrices are strongP -regular.

Proof. Consider the matrices (41) and (42) which are symmetric positive
definite usingMi as in (14) and

M̃i = πT
i

[
Ãi O
O A¬i

]
πi.(47)

Since (39) impliesA−1
i 	 Ã−1

i , we have thatM−1
θ 	 M̃−1

θ � O. This
impliesMθ 
 M̃θ andNθ 
 Ñθ. The theorem will follow from Theorems
2.10 and 2.12 once we establishNθ 	 O, i.e., that the splittings are strong
P -regular. To that end we use (46), and sinceθ < 1/q̃, we haveNθ =
Mθ − A = 1

θM − A 	 O. ��
Remark 4.4.For simplicity, in Theorems 4.1 and 4.3, we assumed that the
inexact versions use the same damping parameterθ. It is evident from the
proofs that if the damping parameter for the inexact version is smaller, say
θ̃ < θ, the same conclusions hold.

We proceed now with similar results for multiplicative Schwarz with
inexact solves. In this case, the iteration matrix is

T̃ = (I − EpM̃
−1
p A)(I − Ep−1M̃

−1
p−1A) · · · (I − E1M̃

−1
1 A),(48)

cf. (22). We first prove convergence in theM -matrix case, and proceed with
comparisons varying the amount of inexactness of the local solves.

Theorem 4.5. LetA be a nonsingularM -matrix. Then the multiplicative
Schwarz iteration with iteration matrix(48) and with inexact solves sat-
isfying (37) converges to the solution ofAx = b for any choice of the
initial guessx0. In fact, for anyw = A−1e > 0 with e > 0, we have
ρ(T̃ ) ≤ ‖T̃‖w < 1. Furthermore, there exists a unique splittingA = B̃−C̃
such thatT̃ = B̃−1C̃, and this splitting is nonnegative.

Proof. The proof proceeds in the same manner as that of Theorem 3.5. All
we need to show is that each splittingA = M̃i − Ñi, with M̃i as in (43) is
regular. SinceÃi is monotone, it follows from (43) that̃M−1

i ≥ O. Now,
Ñi = M̃i − A and

πiÑiπ
T
i =

[
Ãi − Ai −Ki

−Li D¬i − A¬i

]
,

which, in view of (37), (12), and the fact thatA is anM -matrix, is nonneg-
ative. ��
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Remark 4.6.Theorem 4.5 holds with weaker hypotheses, namely, that the
splittingsAi = Ãi−(Ãi−Ai)areweak regular splittings, i.e., thatÃ−1

i (Ãi−
Ai) ≥ O, cf. (37). This is the same assumption used in [20], and it implies
that the splittingsA = M̃i − Ñi are weak regular.

Theorem 4.7. LetA be a nonsingularM -matrix. LetÃi andĀi be inexact
solves ofAi satisfyingÃi ≥ Āi ≥ Ai. Then,ρ(T ) ≤ ρ(T̄ ) ≤ ρ(T̃ ), and
for anyw > 0 such thatAw > 0 we have||T ||w ≤ ||T̄ ||w ≤ ||T̃ ||w < 1,
whereT̄ is obtained by replacing̃Ai by Āi in (48), i = 1, . . . , p.

Proof. We start by establishing the inequalities for the spectral radii. We
confine ourselves to showρ(T ) ≤ ρ(T̄ ); the inequalities forρ(T̃ )are proved
in the same way. By Theorem 3.5 both iteration matrices,T and T̄ , arise
from nonnegative splittings ofA. Let x ≥ 0, x �= 0 be an eigenvector ofT
with eigenvalueρ(T ). We will show that

T̄ x ≥ Tx = ρ(T )x(49)

so that by Lemma2.6we get the desired resultρ(T̄ ) ≥ ρ(T ). Letx0 = x̄0 =
x and definexi := (I −EiM

−1
i A)xi−1 andx̄i := (I −EiM̄

−1
i A)x̄i−1, i =

1, . . . , p. Thus,xp = Tx and x̄p = T̄ x. To establish (49) we proceed by
induction and show that

Axi ≥ 0, i = 1, . . . , p − 1,(50)

and

0 ≤ xi ≤ x̄i, i = 1, . . . , p.(51)

We then have (49) sincexp = Tx andx̄p = T̄ x; see (22) and (48).
Fori = 0, (51) holdsbyassumption,while relation (50) is truebyLemma

2.8 (here it is crucial that the induced splittings are nonnegative).
Assumenow that (50) and (51) are both true for somei. To obtain (50) for

i+1, observe thatAxi+1 = A(I −EiM
−1
i A)xi = (I −AEiM

−1
i )Axi. By

(27) we haveI −AEiM
−1
i ≥ O andAxi ≥ 0 by the induction hypothesis,

and thus (50) holds fori+1. To prove that (51) holds fori+1, we use (44),
(50), and the induction hypothesis to obtain

xi+1 =(I−EiM
−1
i A)xi ≤ (I−EiM̄

−1
i A)xi ≤ (I−EiM̄

−1
i A)x̄i = x̄i+1.

To establish the inequalities for the weighted max norms, one proceeds
in precisely the same manner as before (usingw instead ofx) to show
T̄w ≥ Tw. Since both matrices are nonnegative, we get‖T‖w ≤ ‖T̄‖w.
��
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Remark 4.8.The purpose of using inexact local solvesÃi in lieu of Ai is
to obtain convergence in less computational time. Theorems 4.1 and 4.5
indicate that, as to be expected, asymptotically the inexact methods have
slower convergence rate. Nevertheless, they converge in less computational
time if the saving from the inexact local solve is sufficiently large to offset
the loss in convergence rate. This is often the case in practice.

We present now the counterpart to the convergence Theorem 4.5 for the
s.p.d. case. Consider inexact solvesÃi so that (40) holds. Note that we do
not require (39) to hold here. First we present a result similar to Lemma 3.7,
cf. [34].

Lemma 4.9. LetA be a symmetric positive definite matrix. Letx, y ∈ R
n

such thaty = (I−EiM̃
−1
i A)xwhereM̃i is defined in(47)withÃi satisfying

(40). Then the following identity holds:

||y||2A − ||x||2A = −(y − x)TEi(M̃T
i + M̃i − A)Ei(y − x) ≤ 0.(52)

Furthermore,‖I − EiM̃
−1
i A‖A = 1, i = 1, . . . , p.

Proof. The proof proceeds as that of Lemma 3.7. We have that (32) holds,
but instead of (33) we havẽAiy1 = (Ãi − Ai)x1 − A12x2. We then obtain

yTAy − xTAx = xT
2 A21(y1 − x1) + (yT

1 − xT
1 )A12x2 + yT

1 Aiy1 − xT
1 Aix1

= (xT
1 (Ãi − Ai)T − yT

1 ÃT
i )(y1 − x1) +

(yT
1 − xT

1 )((Ãi − Ai)x1 − Ãiy1) + yT
1 Aiy1 − xT

1 Aix1

= (−xT
1 Ai − (yT

1 − xT
1 )ÃT

i )(y1 − x1) +
(yT

1 − xT
1 )(−Aix1 − Ãi(y1 − x1)) + yT

1 Aiy1 − xT
1 Aix1

= −(yT
1 − xT

1 )(Ãi + ÃT
i − Ai)(y1 − x1)

= −(y − x)TEi(M̃T
i + M̃i − A)Ei(y − x)

The rest of the proof is almost identical to that of Lemma 3.7.��
The following theorem establishes the convergence of multiplicative

Schwarz with inexact solves in the s.p.d. case, and its proof is almost iden-
tical to that of Theorem 3.8.

Theorem 4.10.Let A be a symmetric positive definite matrix . Then the
multiplicative Schwarz iteration with iteration matrix(48)with M̃i defined
in (47) and with inexact solves satisfying(40) converges to the solution of
Ax = b for any choice of the initial guessx0. In fact, we haveρ(T̃ ) ≤
‖T̃‖A < 1. Furthermore, there exists a unique splittingA = B̃ − C̃ such
that T̃ = B̃−1C̃, and this splitting is P-regular.
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Remark 4.11.Our convergence Theorem 4.10 is quite general since the
inexact solvesÃi need not be symmetric as is required in the standard
treatment of Schwarz methods, e.g., in [44]. We only require thatÃT

i +
Ãi − Ai � O.

The parallel between the results forM -matrices and those for s.p.d.
matrices is not complete. We do not have at the moment a counterpart for
Theorem 4.7.

5. Varying the amount of overlap

We study here how varying the amount of overlap between subblocks (sub-
domains) influences the convergence rate of both additive andmultiplicative
Schwarz.

Let us consider two sets of subblocks (subdomains) of the matrixA, as
defined by the sets (8), such that one has more overlap than the other, i.e.,
let

Ŝi ⊇ Si, i = 1, . . . , p,(53)

with
p⋃

i=1

Ŝi =
p⋃

i=1

Si = S. We make the natural assumption that the larger

sets do not intersect with other sets from the same group of variablesVk, i.e.,
that themeasure of overlapq does not change. Of course, each setŜi defines
ann̂i ×nmatrixR̂i, wheren̂i is the cardinality of̂Si, and the corresponding
n × n matrix Êi = R̂T

i R̂i, as in (7). The relation (53) implies that

I ≥ Êi ≥ Ei ≥ O.(54)

Similarly, if π̂i is such thatR̂i = [Ii|O] π̂i, with Ii the identity inR
n̂i , we

denote byÂi the corresponding principal submatrix ofA, i.e.,

Âi = R̂iAR̂T
i = [Ii|O] · π̂i · A · π̂T

i · [Ii|O]T ,

and, as in (11) define

M̂i = π̂T
i

[
Âi O

O D̂¬i

]
π̂i,(55)

whereD̂¬i = diag(Â¬i) ≥ O, andÂ¬i is the(n − n̂i) × (n − n̂i) comple-
mentary principal submatrix ofA as in (6). As in (13), we have here also
the fundamental identity

ÊiM̂
−1
i = R̂T

i Â−1
i R̂i, i = 1, . . . , p.
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We want to comparêMi with Mi, althoughÂi andAi are of different size.
Without loss of generality, we can assume that the permutationsπi andπ̂i

coincide on the setSi, and that the indexes inSi are the firstni elements in
Ŝi. In fact, we can assume thatπ̂i = πi. Thus,Ai is a principal submatrix
of Âi, andM̂i has the same diagonal asMi. Since bothÂi and M̂i are
M -matrices, it follows that

M̂i ≤ Mi, i = 1, . . . , p.(56)

We consider first the case of damped additive Schwarz with iteration
matrix (35), and the iteration matrix corresponding to the larger overlap is

T̂θ = I − θ

p∑
i=1

R̂T
i Â−1

i R̂iA.(57)

Beforewe state our first comparison result, let usmention that in general one
expects the increase of overlap defined by (53) to be such that the groupings
of the sets is maintained, and thus the measure of overlap,q, to be the same.
This is is not a constraint; if we have a different measure of overlap, and say,
q̂ �= q, we only need to changeour hypothesisθ ≤ 1/q toθ ≤ 1/max{q, q̂}.
Theorem 5.1. LetA be a nonsingularM -matrix. Consider two sets of sub-
blocks ofA defined by(53), and the two corresponding additive Schwarz
iterations (35) and (57). Let the damping factorθ ≤ 1/q, which implies
that the additive Schwarz methods are convergent. Then,‖T̂θ‖w ≤ ‖Tθ‖w,
wherew > 0 is such thatAw > 0. Also,ρ(T̂θ) ≤ ρ(Tθ).

Proof. BecauseMi andM̂i are bothM -matrices, it follows from (56) that

M̂−1
i ≥ M−1

i , i = 1, . . . , p,(58)

and together with (54) we havêEiM̂
−1
i ≥ EiM

−1
i . This implies that

M̂−1
θ = θ

p∑
i=1

R̂T
i Â−1

i R̂i = θ

p∑
i=1

ÊiM̂
−1
i ≥ θ

p∑
i=1

EiM
−1
i = M−1

θ ≥ O,

whereA = M̂θ − N̂θ is the unique splitting such that̂Tθ = M̂−1
θ N̂θ; see

Lemma 2.1. Since the splittings are nonnegative (see Theorem 4.1), the
conclusions follow from Theorem 2.5 and Theorem 2.9.��
Theorem 5.2. LetA be a symmetric positive definite matrix. Consider two
sets of subblocks ofA defined by(53), and the two corresponding additive
Schwarz iterations(35) and (57). Let the damping factorθ ≤ 1/q̃, which
implies that the additive Schwarz methods are convergent. Then,‖T̂θ‖A ≤
‖Tθ‖A andρ(T̂θ) ≤ ρ(Tθ).
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Proof. Let Qi = EiM
−1
i = RT

i A−1
i Ri andQ̂i = ÊiM̂

−1
i = R̂T

i Â−1
i R̂i.

SinceAi is a principal submatrix of̂Ai, by Lemma4.2wehave that̂Qi 	 Qi.
Therefore,

M̂−1
θ = θ

p∑
i=1

Q̂i 	 θ

p∑
i=1

Qi = M−1
θ � O.

As shown in the proof of Theorem 4.3, these splittings are strongP -regular,
and the theorem follows from Theorems 2.10 and 2.12.��

We remark that the proof of Theorem 5.2 does not really use the new
representation (13), but it is of the same spirit as the proof of Theorem 5.1.

Theorems 5.1 and 5.2 indicate that the more overlap there is, the faster
the convergence of the algebraic additive Schwarz method. As a special
case, we have that overlap is better than no overlap. This is consistent with
the analysis for grid-based methods; see, e.g., [4], [44]. In a way similar to
that described in Remark 4.8, the faster convergence rate brings associated
an increased cost of the local solves, since now they have matrices of larger
dimension and more nonzeros. In the cited references a small amount of
overlap is recommended, and the increase in cost is usually offset by faster
convergence.

Remark 5.3.Results similar to Theorem 5.1 were shown for (additive) mul-
tisplittingmethods in [17] and [28]; seealso [22]. In these references, though,
the weighting matrices had to be the same for both sets of splittings. Here
we are able to prove this more general result since we do not require that

p∑
i=1

Ei =
p∑

i=1

Êi = I, as in the multisplitting setting. Instead all we need is

that these sums be invertible.

Weconsider now the algebraicmultiplicativeSchwarz iterationwith (22)
and the corresponding one with the larger overlap, i.e.,

T̂ = (I − ÊpM̂
−1
p A)(I − Êp−1M̂

−1
p−1A) · · · (I − Ê1M̂

−1
1 A).(59)

Convergence follows in theM -matrix case from Theorem 3.5.

Theorem 5.4. Let A be a nonsingularM -matrix. Consider two sets of
subblocks ofA defined by(53), and the two corresponding multiplicative
Schwarz iterations(22) and (59). Then,ρ(T̂ ) ≤ ρ(T ), and for any vector
w > 0 such thatAw > 0 we have||T̂ ||w ≤ ||T ||w.
Proof. The proof proceeds exactly as in the proof of Theorem 4.7 using
(58). ��
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6. Varying the number of blocks

We address here the following question. If we partition a block into smaller
blocks, how is the convergence of the Schwarz method affected? In theM -
matrix case, we show that for both additive and multiplicative Schwarz the
more subblocks (subdomains) the slower the convergence. In the s.p.d. case,
this is shown only for additive Schwarz. In a limiting case, if each block is
a single variable, this is slower. This result is consistent with the classical
comparison theorem of Varga [49], which for example shows that the point
Jacobi (point Gauss-Seidel) method is asymptotically slower than block
Jacobi (block Gauss-Seidel). As in the situations described in sections 4 and
5, the slower convergence may be partially compensated by less expensive
local solves, since they are of smaller dimension.

Formally, consider each block of variablesSi partitioned intoki sub-
blocks, i.e., we have

Sij ⊂ Si, j = 1, . . . , ki,(60)

ki⋃
j=1

Sij = Si, andSij ∩ Sik = ∅ if j �= k. Each setSij has associated

matricesRij andEij = RT
ij
Rij . Since we have a partition,

Eij ≤ Ei, j = 1, . . . , ki, and
ki∑

j=1

Eij = Ei, i = 1, . . . , p.(61)

We define the matricesAij = RijART
ij
, andMij corresponding to the set

Sij in the manner already familiar to the reader (see, e.g., (55)), so that

EijM
−1
ij

= RT
ijA

−1
ij

Rij , j = 1, . . . , ki, i = 1, . . . , p.

Given a fixed damping parameterθ, the iteration matrix of the refined par-
tition is then

T̄θ = I − θ

p∑
i=1

ki∑
j=1

EijM
−1
ij

A,(62)

cf. (35), and the unique induced splittingA = M̄θ − N̄θ (which is a weak
regular splitting) is given by

M̄−1
θ = θ

p∑
i=1

ki∑
j=1

EijM
−1
ij

.

We note that due to the inclusion (60), the measure of overlapq cannot
increase.
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Theorem 6.1. Let A be a nonsingularM -matrix. Consider two sets of
subblocks ofA defined by(8) and (60), respectively, and the two corre-
sponding additive Schwarz iterations(35)and(62). Let the damping factor
θ ≤ 1/q, which implies that the additive Schwarz methods are convergent.
Then,‖Tθ‖w ≤ ‖T̄θ‖w, wherew > 0 is such thatAw > 0. Furthermore,
ρ(Tθ) ≤ ρ(T̄θ).

Proof. In the same way that the inclusion (53) implies the inequality (56)
and in turn the inequality (58), here the inclusion (60) implies that

M−1
ij

≤ M−1
i , j = 1, . . . , ki, i = 1, . . . , p.(63)

Combining (61) with (63) we have that

ki∑
j=1

EijM
−1
ij

≤
ki∑

j=1

EijM
−1
i = EiM

−1
i

and thus,M̄−1
θ ≤ M−1

θ , which implies the result, using Theorems 2.5 and
2.9. ��
Theorem 6.2. LetA be a symmetric positive definite matrix. Consider two
sets of subblocks ofA defined by(8) and (60), respectively, and the two
corresponding additive Schwarz iterations(35)and(62). Letk = maxi ki,
and let thedamping factorsbeθ ≤ 1/q̃, andθ̄ = θ/k ≤ 1/(kq̃). This implies
that the additive Schwarz methods are convergent. Then,‖Tθ‖A ≤ ‖T̄θ̄‖A

andρ(Tθ) ≤ ρ(T̄θ̄).

Proof. As in the proof of Theorem 5.2 we have, using Lemma 4.2, that

Qij = EijM
−1
ij


 Qi = EiM
−1
i .

Therefore,
ki∑

j=1

Qij 
 kiQi, and

M̄−1
θ = θ

p∑
i=1

ki∑
j=1

Qij 
 kθ

p∑
i=1

Qi = kM−1
θ ,

which is equivalent toM̄−1
θ̄

= (1/k)M̄−1
θ 
 M−1

θ . The theorem now
follows using Theorems 2.10 and 2.12, and the fact that these are strong
P -regular splittings, as shown in the proof of Theorem 4.3.��

Wenote that the fact that the bound for the damping factorθ̄ is lower than
that forθ is consistent with the fact that we increase the number of regions
in the same proportion. Nevertheless, the result of Theorem 6.2 holds for
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the same damping factorθ. This follows from the fact that due to (60), the
number of colors does not increase. The proof has to be modified using the
same arguments as in [24, Lemma 11.2.14] to improve the bound (45) to
obtain (46).

Next, we consider the case of multiplicative Schwarz. Again, we can
show that using more subblocks of smaller size results in slower asymp-
totic convergence rates. The iteration matrix for the multiplicative Schwarz
method corresponding to the finer partition (more subblocks) is given by

T̃ =
1∏

i=p

1∏
j=ki

(I − Pij ),(64)

wherePij = EijM
−1
ij

A = RT
ij
A−1

ij
RijA.

Theorem 6.3. LetA be a nonsingularM -matrix. Consider two sets of sub-
blocks ofA defined by(8)and(60), respectively, and the two corresponding
multiplicative Schwarz iterations(3) and (64). Thenρ(T ) ≤ ρ(T̃ ), and
||T ||w ≤ ||T̃ ||w for any vectorw > 0 for whichAw > 0.

Proof. Since eachPi = EiM
−1
i A = RT

i A−1
i Ri is a projection we have

I − Pi = (I − Pi)2 = . . . = (I − Pi)ki .

This allows us to representT from (3) (or (22)) as a product with the same

number of factors̃k =
p∑

i=1

ki as in the representation (64) forT̃ , namely

T =
1∏

i=p

(I − Pi)ki .(65)

We pair each of thẽk factorsI − Pij = I − EijM
−1
ij

A of T̃ in (64) with

the corresponding factorI − Pi = I − EiM
−1
i A of T in (65). This pair of

factors correspond to the set of indicesSij andSi satisfyingSij ⊆ Si. By
(61) and (63) we have thatEijM

−1
ij

≤ EiM
−1
i . We can therefore proceed

in exactly the same manner as in the proofs of Theorems 4.7 and 5.4 to
establish the desired results.��

7. Two-level schemes

In this section we assume that all local solves are exact; however, analogous
results hold for the case of inexact solves, provided that the conditions
spelled out in Sect. 4 are satisfied. Suppose a “coarse grid” correction is
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added (multiplicatively) to the multiplicative Schwarz iteration (2). This
results in a stationary method with an iteration matrix of the form

H = (I − G0A)T(66)

whereT is the iteration matrix of the multiplicative Schwarz method and
G0 = RT

0 (R0ART
0 )−1R0. We assume here thatR0 is formed by some rows

of the (n × n) identity matrixI, so thatR0ART
0 is a principal submatrix

of A. Typically,R0 is defined in such a way that it has at least one row in
commonwith each of theRi matrices that define themultiplicative Schwarz
iteration,1 ≤ i ≤ p. Thus, the number of rows inR0 is no less thanp, and
should bemuch less thann. In particular, the coarse grid correction proposed
in [47] and used, e.g., in [27], is of this form.

As before, associated with this matrixR0, we define matricesE0 and
M0 such thatE0M

−1
0 A = G0A, andO ≤ E0 ≤ I. Note that ifA is

anM -matrix, A = M0 − (M0 − A) is a regular splitting, and ifA is
s.p.d.,M0 � O. The (singular) matrixI − G0A defines the global coarse
solve, which follows the multiplicative Schwarz sweep. We are interested
in comparing the convergence rate of the multiplicative Schwarz iteration
with and without the coarse grid correction.

Theorem 7.1. LetA be a nonsingularM -matrix. LetT andH be the itera-
tion matrices defined in(2) and(66), respectively. Thenρ(H) ≤ ρ(T ), and
for any vectorw = A−1e > 0 with e > 0, ‖H‖w ≤ ‖T‖w. Furthermore,
the splitting induced byH is nonnegative.

Proof. It is clear fromTheorem3.5 that addingacoarsegrid correction to the
multiplicative Schwarz iteration preserves convergence:ρ(H) < 1. Hence,
there exists a unique splittingA = F − (F − A) such thatH = I − F−1A
and the splitting is nonnegative by Theorem 3.5. Furthermore,

F−1 = B−1 + G0(I − AB−1) ≥ B−1 ≥ O,(67)

whereA = B − (B − A) is the (unique) nonnegative splitting induced by
T . By virtue of (67) and Theorem 2.9 we conclude thatρ(H) ≤ ρ(T ), and
using Theorem 2.5,‖H‖w ≤ ‖T‖w. ��
Theorem 7.2. LetA be a symmetric positive definite matrix. LetT andH
be the iteration matrices defined in(2)and(66), respectively. Thenρ(H) ≤
||H||A ≤ ||T ||A < 1. Furthermore, the splitting induced byH isP -regular.

Proof. From Theorem 3.8, we have‖T‖A < 1, and from Lemma 3.7 we
have that||I − G0A||A = 1. Hence

||H||A = ||(I − G0A)T ||A ≤ ||I − G0A||A||T ||A = ||T ||A < 1.

The induced splitting isP -regular by Lemma 2.2. ��
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Hence, a coarse grid correction results in an asymptotic convergence rate
which is at least as good as that of the multiplicative Schwarz iteration (2).

Theorems 7.1 and 7.2 refer to the case where the global coarse solve is
multiplicativelyapplied to the multiplicative Schwarz iteration. In [20], the
case ofadditivelycorrected additive Schwarz methods was studied. There
remain two other situations to be analyzed, the so-calledhybridmethods.
In one case, the multiplicative Schwarz method is additively corrected; this
is called thetwo-level hybrid I Schwarz methodin [44]. In the other case,
the additive Schwarz method is multiplicatively corrected, leading to the
two-level hybrid II Schwarz method; see [44, pp. 47–48]. We begin with the
multiplicative Schwarz method with additive correction. In this method, the
iteration matrix is of the form

Hθ = I − θ(G0 + B−1)A(68)

whereθ > 0 is a damping parameter,G0 = RT
0 (R0ART

0 )−1R0 andA =
B−C is the unique splitting induced byT , the iterationmatrix of themulti-
plicative Schwarz method. IfA is anM -matrix this splitting is nonnegative,
and ifA is s.p.d. this splitting isP -regular; see Theorems 3.5 and 3.8.

Theorem 7.3. LetA be a nonsingularM -matrix. If 0 < θ ≤ 1/2, the two-
level hybrid I Schwarz method, with iteration matrix(68), converges to the
solution ofAx = b for any choice of the initial guessx0. In fact, for any
w = A−1e > 0 with e > 0, we haveρ(Hθ) ≤ ‖Hθ‖w < 1. Furthermore, if
BE0 + M0 is invertible, the splitting induced byHθ is nonnegative.

Proof. We first show thatHθ ≥ O. Indeed, lettingT0 = I − M−1
0 A, and

sinceO ≤ E0 ≤ I, we have

Hθ = θ(T + E0T0) + (1 − θ)I − θE0,

a nonnegative matrix for0 < θ ≤ 1/2. Then we use thatG0 ≥ O and that
B−1 ≥ O and the fact that no row ofB−1 can be all zeros to write for
w = A−1e > 0 with e > 0

Hθw = w − θ(G0e + B−1e) < w,

concluding that‖Hθ‖w < 1.
For the nonnegativity of the splitting, assuming thatBE0+M0 is invertible,
consider the matrix

Mθ = θ−1M0(BE0 + M0)−1B.

This matrix is invertible, and

M−1
θ = θB−1(BE0 + M0)M−1

0 = θ(E0M
−1
0 + B−1) ≥ O.
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Further,Hθ = I − M−1
θ A; thus,A = Mθ − (Mθ − A) is the unique

splitting induced byHθ. To complete the proof all we need to show is that
I − AM−1

θ ≥ O, for 0 < θ ≤ 1/2. This follows in a way similar to the
nonnegativity ofHθ using the fact thatA = B−C is a nonnegative splitting
andA = M0 − (M0 − A) is a regular splitting. ��

The hypothesis thatBE0 + M0 be nonsingular (not needed for conver-
gence) is very mild. To see this, letA0 = R0ART

0 , which is a principal
submatrix ofA and thus a nonsingularM -matrix. Letπ0 be the permutation
so that (4) holds fori = 0. Then, we have the nonsingular matrixM0 of the
form (11). SinceE0 is of the form (31),BE0 hasn0 nonzero rows which are
rows of the monotone matrixB. Thus, the addition of the termBE0 only
affects the firstn0 rows ofM0 (once permuted), andBE0 +M0 is likely to
continue to be nonsingular.

Theorem 7.4. LetA be a symmetric positive definite matrix. If0 < θ ≤ 1
2 ,

the two-level hybrid I Schwarzmethod, with iterationmatrix(68), converges
to the solution ofAx = b for any choice of the initial guessx0. In fact, we
haveρ(Hθ) ≤ ‖Hθ‖A < 1. Furthermore, the splitting induced byHθ is
P -regular.

Proof. We write forθ > 0

||Hθ||A = ||θ(I − G0A) + θ(I − B−1A) + (1 − 2θ)I||A
≤ θ||I − G0A||A + θ||I − B−1A||A + |1 − 2θ| < 1,

where the last inequality follows from Lemma 3.7, Theorem 3.8, and the
assumptionθ ≤ 1/2. With Lemma 2.2 the induced splitting isP -regular.
��

Note that, because of the presence of the damping parameterθ, it is not
generally possible to compare the asymptotic rate of convergence of the
two-level hybrid I Schwarz method with that of the one-level multiplicative
Schwarz method. In any case, the following simple example shows that, in
general, one cannot expect the convergence rate to improve as a result of the
addition of a global coarse solve.

Example 7.5.Let

A =


 2 −1 0

−1 2 −1
0 −1 2


 , R0 =

[
1 0 0
0 0 1

]
,

R1 =
[
1 0 0
0 1 0

]
, R2 =

[
0 1 0
0 0 1

]
.
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Then the eigenvalues ofHθ are1−2θ (with multiplicity 2) and1− 8
9θ. This

matrix is convergent for0 < θ < 1, showing that, in general, the restriction
onθ in the statement of Theorem7.3 is a sufficient conditiononly. Thematrix
Hθ is nonnegative if and only if0 ≤ θ ≤ 1

2 . Forθ = 1
2 , the spectral radius is

ρ(H 1
2
) = 5

9 . Theminimumofρ(Hθ) is attained forθ = 9
13 , corresponding to

ρ(H 9
13

) = 5
13 ≈ 0.3846. The spectral radius of the one-level multiplicative

Schwarz iteration matrix isρ(T ) = 1
9 ≈ 0.1111. Thus, for this particular

example, supplementing the one-level multiplicative Schwarz method with
an additive global coarse solve results in a degradation of the asymptotic
rate of convergence, for any value of the damping parameterθ.

For completeness, we take a look at the two-level hybrid II Schwarz
method, i.e., additive Schwarz with a multiplicative coarse grid correction.
The iteration matrix is now

Hθ = (I − G0A)Tθ(69)

whereTθ is given by (35). Hereθ is the damping parameter; whenA is a
nonsingularM -matrix and0 < θ ≤ 1/q (whereq is themeasure of overlap)
we have||Tθ||w < 1, with w = A−1e > 0 ande > 0, and whenA is s.p.d.
andθ < 1/q̃ (whereq̃ is the number of colors) we have||Tθ||A < 1; see
[24] and [20].

Theorem 7.6. LetA be a nonsingularM -matrix. If 0 < θ ≤ 1/q, the two-
level hybrid II Schwarz method, with iteration matrix(69), converges to the
solution ofAx = b for any choice of the initial guessx0. Furthermore,
ρ(Hθ) ≤ ρ(Tθ) < 1, for any vectorw = A−1e > 0 with e > 0, ||Hθ||w ≤
||Tθ||w < 1, and the splitting induced byHθ is nonnegative.

Proof. Lettingw1 = Tθw, we havew1 < w. An argument identical to the
one used in the proof of Lemma 3.1 shows that

Hθw = (I − G0A)w1 ≤ w1 < w,

hence||Hθ||w < 1 and the two-level hybrid II Schwarz method is conver-
gent, provided that0 < θ ≤ 1/q. We already know that the unique splitting
A = Mθ − Nθ induced byTθ is nonnegative. Let nowA = B − C be the
unique splitting induced byHθ. This splitting isweak regular, sinceHθ ≥ O
and

B−1 = M−1
θ + G0(I − AM−1

θ ) ≥ M−1
θ ≥ O.

It follows from Theorem 2.5 that||Hθ||w ≤ ||Tθ||w. The splitting is actually
nonnegative. Indeed,

I − AB−1 = (I − AG0)(I − AM−1
θ ) ≥ O.

Thus, by virtue of Theorem 2.9, we also haveρ(Hθ) ≤ ρ(Tθ). ��
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Theorem 7.7. LetA be a symmetric positive definite matrix. If0 < θ <
1/q̃, the two-level hybrid II Schwarz method, with iteration matrix(69),
converges to the solution ofAx = b for any choice of the initial guessx0.
Furthermore,||Hθ||A ≤ ||Tθ||A < 1, and the splitting induced byHθ is
P -regular.

Proof. With Lemma 3.5 we have

||Hθ||A = ||(I − G0A)Tθ||A ≤ ||I − G0A||A||Tθ||A = ||Tθ||A < 1.

With Lemma 2.2 the induced splitting isP -regular. ��
Remark 7.8.More generally, we could consider two-level methods where
the iteration matrix is of the form(I − G0A)T andT represents one or
more steps of asmoother. As long asT induces a nonnegative splitting
of the nonsingularM -matrixA, or aP -regular splitting ifA is s.p.d., one
can show that the coarse grid correction, represented by the singular matrix
I −G0A, produces an asymptotic convergence rate which is at least as good
as that achieved by the smoother alone.

Finally, we consider the case of two multiplicative two-level schemes
which use different global coarse solves for the corrections, with one nested
inside the other. As in Sect. 5, we only consider theM -matrix case. Let the
iteration matrices be given by

(I − G0A)T and (I − Ĝ0A)T,

respectively. HereG0 andĜ0 correspond to subsetsS0 andŜ0 of S, with
S0 ⊂ Ŝ0. In other words,G0 = RT

0 (R0ART
0 )−1R0 and Ĝ0 = R̂T

0
(R̂0AR̂T

0 )−1R̂0 and every row ofR0 is also a row ofR̂0. Then it is easy to
see that the convergence rate, as measured either by the spectral radius or
by the weighted maximum norm, is better for the method corresponding to
the finer grid. The proof uses exactly the same argument as the one used to
prove Theorem 5.4.
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47. P. Vaňek, J. Mandel, M. Brezina (1996): Algebraic multigrid by smoothed aggregation
for second and fourth order elliptic problems. Computing56, 179–196

48. R.S.Varga (1960): Factorization andnormalized iterativemethods. In:R.E. Langer (ed.)
Boundary Problems in Differential Equations, pp. 121–142, Madison, The University
of Wisconsin Press

49. R.S. Varga (1962): Matrix Iterative Analysis. Prentice-Hall, Englewood Cliffs, New
Jersey. Second Edition, revised and expanded, Springer, Berlin, Heidelberg, New York,
2000
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