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Summary. The convergence of multiplicative Schwarz-type methods for
solving linear systems when the coefficient matrix is either a nonsingular
M-matrix or a symmetric positive definite matrix is studied using classical
and new results from the theory of splittings. The effect on convergence
of algorithmic parameters such as the number of subdomains, the amount
of overlap, the result of inexact local solves and of “coarse grid” correc-
tions (global coarse solves) is analyzed in an algebraic setting. Results on
algebraic additive Schwarz are also included.
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1. Introduction
We consider the solution of large sparse linear systems of the form
1) Az =0

by multiplicative or additive Schwarz methods. Our aimis to apply the theory
of matrix splittings to study the convergence of these classes of methods,
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using properties of the coefficient matrix only. Specifically, we analyze two
cases: the case where the coefficient matriis a nonsingulat\/-matrix,

and whem is symmetric positive definite (s.p.d.). As we shall see, in several
situations there is a nice common theory in the treatment of these two cases,
using the appropriate splittings for each case. The exceptions are Sects. 5
and 6 where for multiplicative Schwarz only thé-matrix case is studied.

While several convergence results on Schwarz methods exist when the
matrix A in (1) corresponds to the discretization of a differential equation
(see, e.g., [9], [40], [44], and the extensive bibliography therein), there is a
need to analyze these methods in a purely algebraic setting. As we show,
there are instances where the tools developed here provide convergence
analysis not available with the usual Sobolev space theory. We believe that
the algebraic and analytical points of view complement each other. Further-
more, there are applications, such as electrical power networks and Leontief
models in economics, where the matd>does not come from a differential
equation (and it is ad/-matrix); see, respectively, [10] and [2]. Another
case of interest is when the problem arises from the discretization of a dif-
ferential equation but no geometric information about the underlying mesh
is available to the solver. Additionally, an algebraic approach is useful for
the case of unstructured meshes [7].

There are several papers with detailed abstract analysis (i.e., independent
of the particular differential equations in question) of Schwarz methods,
including those of Xu [51] and Griebel and Oswald [23], whefeorm
bounds are obtained for the symmetric positive definite case; see also the
nicely written survey [25]. In other cases, e.g., in [32], the maximum prin-
ciple is used to show convergence.

In this paper we concentrate on the case of algebraic multiplicative
Schwarz, although we include new results on additive Schwarz, and hy-
brid methods as well. We emphasize methods where overlap is used, i.e.,
when the same variable is present in more than one local solver. The present
work can be seen as a continuation of [20] where algebraic additive Schwarz
was considered, and it complements the heuristic study [7].

While we do not provide condition number estimates for a precondi-
tioned system, our convergence results point out to the usefulness of the
multilevel methods as solution methods as well as preconditioners for a
wider class of problems. In the s.p.d. case we are able to prove convergence
without the usual assumptions; see Remark 4.11 below. In the nonsymmetric
case, we can prove convergence without any condition on the coarse grid
correction, and in fact convergence is shown without the need for a coarse
grid correction; see Remark 3.6.
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Given an initial approximation® to the solution of (1), the (one-level)
multiplicative Schwarz method can be written as the stationary iteration

(2) 2" =Tk 4 ¢, k=0,1,...,
where
1
®3) T=(I-PF)I-Ppm1)---(I-P)=][[-P)
i=p

andc is a certain vector. Here
P = RI(R;ART)™1R;A
whereR; is a matrix of dimensiom; x n with full row rank,1 < i < p.In
p

the case of overlap we ha\Eni > n. Note that eacl®;, and hence each
=1
I P;,isaprojection operator;i.€]— P,)? = I— P,. Eachl — P, is singular
and has spectral radius equal to 1. Yet, as we will see, the pra@dgisen
by (3) has spectral radius strictly less than 1 under suitable assumptions. In
fact, for an appropriate nortfiy — P;|| = 1,7 =1,...,p (as is well known
for A s.p.d.) but the product matrik has norm less than 1.

The matrix R; corresponds to the restriction operator from the whole
space to a subdomaifi; (of dimensionn;) in the domain decomposition
setting, and the matrid; = RiARzT is the restriction of4 to that subdo-
main. A solution using4; is called a local solve, and this name carries to
the purely algebraic case. Our approach consists in determining the unique
splitting A = B — C with B invertible and such thaf = B~!C, and to
study the properties of that splitting; see Lemma 2.1 below. In this way we
can exploit the rich theory of matrix splittings and prove convergence under
appropriate conditions.

In this paper we emphasize the use of Schwarz methods as solvers rather
than preconditioners. We note that when used as a preconditioner, particu-
larly in the case of symmetric positive definite problems and the conjugate
gradient method, the multiplicative Schwarz method is usually symmetrized;
that is, the application of thg projections in (3) is followed by another
sweep of projections applied in the reverse order. Many of the results and
techniques of this paper can be applied to the symmetrized iterations.

There are a number of papers dealing with algebraic Schwarz methods,
including [7], [16], [18], [19], [42], [43], [46], [53]; see also [29]. In many
of these, only special cases, such as tridiagonal, or block-tridiagonal matri-
ces, or matrices derived from a particular model problem, are studied. Our
contribution is to provide convergence results for multiplicative Schwarz
methods (with overlapping blocks) for generdl-matrices and for s.p.d.
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matrices. We present our convergence bounds in terms of matrix norms as
well as spectral radii, and use both of these to compare the convergence of
different versions. In particular, we analyze the effect on convergence of
algorithmic parameters such as the number of blocks (or subdomaths)
amount of overlap, inexact local solves, and the effect of adding coarse grid
corrections (both multiplicatively and additively).

2. Auxiliary results

The purpose of this section is to introduce some notation and a few results
that will be used extensively in the remainder of the paper. A mairis
nonnegative (positive), denotdgl > O (B > O) if its entries are nonneg-
ative (positive). We say thaB > C if B — C' > O, and similarly with
the strict inequality. These definitions carry over to vectors. A matrig
a nonsingularM -matrix if its off-diagonal elements are nonpositive, and
it is monotone, i.e.A~! > O. It follows that if A and B are nonsingular
M-matrices andd > B, thenA~! < B~ [2], [49]. By p(B) we denote
the spectral radius of the matrix.

A matrix B is symmetric positive definite (s.p.d.), denot&d>~ O,
if it is symmetric and if for all vectors: # 0, wTBu > 0, and positive
semidefinite, denote® = O, if for all vectorsu # 0, u’ Bu > 0. We say
thatB = C'if B—C = O, and similarly with the strict inequality. It follows
that if A andB are s.p.d. andl > B, thenA~! < B~1.If A > O one can
define thed-norm of a vectot: as||z|| 4 = (=7 Az)'/2. This vector norm
induces a matrix norm in the usual way.

We say thatd = M — N is a splitting if M is nonsingular. The splitting
is regular if M~! > O and N > O; it is weak regular ifA/~' > O
andM~'N > O; and it is nonnegative if/~* > O, M—'N > O, and
NM~1 > 0][2],[49], [50]. The splitting isP-regular if A7 + N is positive
definite [39]. Note that ifd is symmetricM” + N = MT + M — A is
also symmetric. We say that a splitting isteong P-regular splittingof A
S.p.d., whenV = O. This implies thatM > O and that in particular itis a
P-regular splitting. The following result, which can be found, e.g., in [1],
shows that given an iteration matrix, there is a unique splitting for it.

Lemma 2.1. Let A and T be square matrices such thdtandl — T are
nonsingular. Then, there exists a unique pair of matriBe€’, such thatB is
nonsingularl’ = B~'CandA4 = B—C.Thematricesar® = A(I-T)~!
andC=B-A=A(I-T)"t-1).

The following characterization aP-regular splittings will be useful in
our analysis; for a proof, see [20], or [52].
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Lemma 2.2. Let A be symmetric positive definite. Thdn= M — N is a
P-regular splitting if and only if| M ~'N||4 < 1.

In this paper we assume that the rows®fare rows of the: x n identity
matrix I, e.g.,
00000010
R, = 101000000
00010000

This restriction operator is often called a Boolean gather operator, while its
transposeR! is called a Boolean scatter operator. Formally, such a matrix
R; can be expressed as

(4) R; = [L;|O] m;

with I; the identity onR™ andn; a permutation matrix oR™. In this case,
it follows that A; is ann; x n; principal submatrix ofA. In fact, we can
write

T A K

(5) mAm; = {Li A |’

whereA_; is the principal submatrix ofl “complementary” to4,, i.e.
(6) Ay = [O|] - mi- A~ - [O11)"

with I_; the identity onR™~ ", Recall that if A is an M-matrix, so are
its principal submatrices, and thus baotly and A-; are M-matrices [2].
Similarly if A is s.p.d., then, boti; andA_; are s.p.d.

For eachi = 1,...,p, we construct diagonal matricds;, € R"*"
associated witlR; from (4) as follows

(7) E; = RTR;.

These diagonal matrices have ones on the diagonal in every row \ifiere
has nonzeros. We further assume thé;ifs the set of indexes of the rows
of the identity that are rows a®;, then

P
8) USiZS:{l,Z...,n}.
=1

In other words each variable is in at least oneSefThis is equivalent to
p
saying thal} _E; > I, with equality if and only if there is no overlap. Note

i=1
that in the case of overlapping blocks, we have here that each diagonal entry
p

of X:EZ is greater than or equal to one, which implies nonsingularity. Only
i=1
in the rows corresponding to overlap this matrix has an entry different from
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one. In the case of overlap, the maximum that these entries can at{ain is
p
the measure of overlap defined below. We thus haveYhat; < qI.

=1
Let us define aneasure of overlag of the decomposition (8) as the

minimal number of set¥}, (k = 1,...,¢) such that
q p
k=1 i=1

where eaclt; is a subset of somg,, and if
(10) S; C Vi and S; C Vj, for the samek, i # j, then S;N.S; = 0.
In other words, the measure of overlap is

q= jiﬂl?ffn‘{i 1j € Si}l,

and obviouslyy = 1 implies that there is no overlap.

Following Hackbusch [24, Ch. 11], we define tlember of colorg of
the decomposition (8) as the number of Sétsatisfying (9), (10), and in
addition, ifr € S;, s € S, then the matrix entries.; = a,, = 0. It follows
thatq < ¢, and often this inequality is strict. Furthermogedepends only
on the partition of the variables, whilgalso on the graph of the matrik.
As we shall see, these two quantities are used in the study of convergence
of the additive Schwarz method. The measure of overlap is relevant in the
M-matrix case, while the number of colors in the s.p.d. case.

We illustrate the concepts of measure of overlap and number of colors
with two examples. Consider th® x 10 matrix

Ayn O O Ayq O

O Ayo O AsgAss
A=| O O As3 O Ass|,

Ag1 Agp O Ags O

O As2A53 O Asp

where all diagonal blocksl; ;, © = 1,...,5 are2 x 2 matrices. Now let
S; = {2 —1,2i},i = 1,...,5, i.e. there is no overlap. Hence, we have
for the measure of overlap= 1. We have only one séf; = U?Zl S;. The
number of colors ig = 2 with V; = 57 U Sy U S3, Vo = S, U S5. If we
take

Sy ={1,2,7,8}, Sy = {3,4}, S5 = {5,6,9,10},
Sy = {7,8}, S5 = {9,10}
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we haveg = 2 with V; = S7 U So U S3 andVs, = S4 U S5. The number of
colorsisq = 3with V4 = S1 U S3, Vo = Sy andV3 = S, U Ss.

If A is a nonsingulaf\/-matrix, for eachi = 1,...,p, we construct a
second set of matrice®; € R™*™ associated wittR; from (4) as follows

1) M=t |5 |
where
(12) D-; = diag[A_;) > O

has positive entries along the diagonal and thus is invertible.

Proposition 2.3. Let A be a nonsingulaiV/-matrix. LetM; be defined as
in (11). Thenthe splittinggl = M; — N; are regular (and thus weak regular
and nonnegative).

Proof. Observe that

-1
Mi_1 = 7TZ-T [Aé Do—.l] v

is nonnegative. Thusl)/; is an M-matrix. MoreoverN; = M; — A is
nonnegative, since it is a symmetric permutation of a matrix with a 2 by 2
block structure, the off-diagonal blocks being nonnegative and the diagonal
blocks being either zero, or nonnegative with a zero diagonal.

With the definitions (7) and (11) we obtain the following equality which
we will use throughout the paper

(13) EM ' =RIATR;, i=1,...,p.

We note that the matrid/; defined in (11) is different from the one used
in [20], although we obtain the same characterization (13). All results in [20]
hold verbatimfor this different choice of\/;. In fact, we have a great deal
of flexibility in choosing the matrices/;, as long as the equality (13) holds.
We will take advantage of this flexibility in sections 4—6 when analyzing the
change in the convergence rate by varying the degree of overlap, the number
of blocks (subdomains) and the level of inexactness of the local solves. For
the analysis of the s.p.d. case, we choose a different set of malrgces
satisfying (13), namely the choice made in [20]. We abuse the notation, but
in each case it is clear from the context which matrix it is we are using.
Let Abes.p.d. Foreach=1, ..., p, we construct matricesl; € R™"*"
associated witlR; as follows

_or |4 O
(14) M; = ; [OAﬁi .

It follows that M; is s.p.d., and that it satisfies the identity (13).
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Proposition 2.4. Let A be a symmetric positive definite matrix. Lt be
defined as ir{14). Then, the splittingsl = M; — N, are P-regular.

Proof. SinceA! = A; andAZ, = A_;, we write

~L; Ay |

The following identity shows that this matrix is s.p.d., and thus we have a
P-regular splitting:

AL et s

Given a positive vectar € R", denotedv > 0, the weighted max-norm

MiT—f‘Ni:ﬂ'iT[

. . 1
is defined for any € R™ as||y||, = max |—uy;|; see, e.g., [26], [41].
ws

j:17.“’n
As usual the matrix norm is defined §&||,, = sup ||7z|., and can be
ll]lw=1

obtained as (see, e.g., [41])

(15) T = mae (22
) Wy

We point out that fofl' > O, Tw < ~w implies||T||, < v (y > 0) [41].
Weighted max norms play a fundamental role in the study of asynchronous
methods (see [21], [45]), and are natural generalizations of the usual max
norm. Most of our estimates hold for all positive vectarsof the form
w = A~ 'e, wheree is any positive vector, i.e., for any positive vector
such thatdw is positive. In particular this would hold far = A~'e and
e=(1,...,1)7T, ie., withw being the row sums ofi—!. Recall that forA
a nonsingulan/-matrix, A=' > O, and that sincel~! is nonsingular, no
row of it can be a zero row. This guarantees that A~'e > 0. The same
logic is used to conclude that ~'e > 0 for any monotone matri®/, and
this is also used in our proofs.

In this paper we will use several comparison theorems. The first relates
the weighted max norms of the iteration matrices and can be found in [20],
[37].

Theorem 2.5. LetA~! > O, and letA = M — N = M — N be two weak
regular splittings ofA with

(16) M~t>Mm1
Letw > 0 be such thatv = A~ 'e for somee > 0. Then,
(17) |M 7N |y < ||M 7Nl < 1.

If the inequality(16) is strict, then the first inequality i(L7) is also strict.
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We point out that with the same hypotheses of Theorem 2.5, an inequal-
ity of the form (17) does not necessarily hold for the spectral radii; see a
counterexample in [15]. The following three lemmas are helpful in our com-
parisons of spectral radii. The first one is well known, and can be found,
e.g., in [31].

Lemma 2.6. Assume thafl’ € R"*™ is nonnegative and that for some
« > 0 and for some nonzero vectar > 0, we havel'z > ax. Then
p(T) > «. The inequality is strict iz > ax.

Lemma 2.7. Assume thatl = M — N = M — N are two splittings of4,
thatM !N > O,andthat)/ ~' N has an eigenvectar > 0 with eigenvalue
p(M~1N) such thatdz > 0. If (16) holds, them(M ~1N) < p(M~LN).

Proof. We haveO < M~'N =T — M~ ! A. Therefore
(I—M 1Az >T-M 1Az =p(MN)z,
and the assertion follows from Lemma 2.60

Lemma 2.8. Let A be monotone. Let = M — N be a splitting such that
M=t > Oand NM~! > O (sometimes called weak nonnegative of the
second type). Thesn{ M ~'N) < 1 and there exists a non-zero vector 0
such thatV ~' Nz = p(M~'N)x and Az > 0.

Proof. Note first thatd” = MT — N1 is a weak regular splitting afA”

with A=7 > O, and thus convergent[2], [49]. Therefopg¢(MT) "I NT) =
p((NM—HT) = p(NM~1) < 1. Moreover, since the spectrum &\ 1

is equal to that of\/ ~! NV we know thatp(NM~!) = p(M~1N) is an
eigenvalue ofM ~!N. Let 2z # 0 be an eigenvector of/ ' N which is
scaled in such a way that not all its components are negative. We now first
prove the lemma by assuming not o\ —* > O but NM ! > O. Then

we have (denoting = p(M ~1N)) thatM ~! Nz = px and therefore

(18) Nz = (NM Y (Mz) = pMz .

By the Perron-Frobenius theorem (see, e.qg., [2], [49]), the positive matrix
NM~! has a positive eigenvectgrbelonging to the eigenvalyeand, up

to scaling, this eigenvector is unique. SinkEr # 0 we therefore have
Mz = ay for somea # 0, and thuse = oM ~'y. But M~y > 0, and
since not all components afare negative we see that> 0 and therefore

x > 0aswellasMz > 0. From (18) we have that

Az = Mz — Nz =(1—p)Mx

and sincep < 1 this provesdz > 0.
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To complete the proof, assume now that/—! > O. Let E € R™*" be
the matrix with all entries 1 and take> 0 sufficiently small such that the

o
seriesy (yEM™')” converges. In this case we have, sifiek/ ~! > O,
v=0

O < i(vEM_l)” = (I —~EM~ )™

v=0

as well as
O<B:=I—-yEM Y M.

For all positives smaller tharey = p(BM A~!) we consider the splittings
A. =M — (N +eBM).
Then
(N+eBMYM ' =NM"'4+eB>0
and

o0

ATl =AM I —eBMATY) T =AY (eBMATY > 0.

v=0
By what we have already shown there exist positive vectorsuch that
M~Y(N+eBM)z. =p(M~*(N+eBM))z.andA.z. > 0.We normalize
these vectorsto have norm 1 andput %50. Thenthe sequenag, admits
a convergent subsequence with limit> 0, z # 0. By continuity, thisz
satisfiesM ~! Nz = pr aswellasdz > 0. O

The following theorem of Wanicki [50] is now a direct consequence of
Lemmas 2.7 and 2.8.

Theorem 2.9. LetA~! > O. Assume thatl = M — N = M — N are two
nonnegative splittings with/ —! > M ~!. Then,

(19) p(M7'N) < p(M~'N) < 1.
The inequality(19)is strictif A= > Oand M~ > M~
The following counterpart of Theorem 2.9 in the s.p.d. case is from [35].

Theorem 2.10.Let A > O. Assume thatt = M — N = M — N are two
(strong P-regular) splittings withO < N < N. Then,(19) holds. The first
inequality(19)is strictif O < N < N.

We conclude this section with a new comparison theorem, which is the
counterpart to Theorem 2.5 usidgnorms, whered is s.p.d. We first prove
an intermediate result.
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Lemma2.11.Let A > O, and letA = M — N be a splitting ofA such
that M is symmetric. Thep(M ' N) = || M~ N||4.

Proof. It follows from the following identities:
[IM7IN|[a = || = M7 Al = [T = AYV2M1 A2
=p(I —AYV2PMTAY?Y = p(I — M~'A) = p(M™'N).
O

The following theorem follows now directly from Lemma 2.11 and The-
orem 2.10.

Theorem 2.12.LetA = O, and letA = M — N = M — N be two (strong
P-regular) splittings ofA with

(20) O <N =<N.
Then, o
(21) [M7IN|a < [[M N4 < 1.

If the second inequality i(20) is strict, then, the first inequality i(21) is
also strict.

The hypothesis (20) cannot be weakened, i.e., we need to assume that
the matricesV; andV; are positive semidefinite matrices. Examples in [35]
showthat Theorems 2.10 and 2.12 are not true if one only assbmegular
splittings.

3. Convergence of the one-level method

In this section we prove convergence of the one-level scheme (2) under the
assumption that the rows &; are rows of the: x n identity matrix/, i.e.,
that R; has the form (4). Recall the definition of the s&fsn (8). In general,

the S; are not disjoint. When they are, we have the multiplicative Schwarz
method without overlap. The following important lemma covers both cases
(overlapping and non-overlapping).

Lemma 3.1. LetA be monotone, and leta collectionydfiples(E;, M;, N;)
be given such thad < E; < I, zp:Ei > I,andA = M; — N; is a weak
regular splitting forl < i < p. Lgl

(22) T = (- E,M,"A)(I - E, 1M A)--- (I - E\M; ' A).

Then for any vectorw = A~te > 0O withe > 0, p(T) < ||T]lw < 1.
Furthermore,

(23) |1 —EM;"Allp=1, i=1,...,p.
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Proof. In order to show thatT||,, < 1, where||T'||, denotes the maximum
weighted norm off” with respect to a certain vectar > 0, we show that
T >0 andTw < w.

ClearlyT > O because foi =1, ..., p,

I—EM**A=1-F;+E(I—-M'A)
(24) =I1—-E; +EM'N; >0

andMi_lNi > O since the splittings are weak regular.
Next, we show thaf'w < w with w = A~'e wheree > 0. To begin
with, note that

wy := (I — BEyM; " A)w = w — E;M; 'e > 0.

Hence) < w; < w, with strictinequality in the components corresponding
to S;. In other words, denoting witfw, ); theith component ofv;, we have

(wl)i{: w; ifid S

<w; ifies.

Now letws := (I — E2M2‘1A)w1, we claim thatwy, < w, and that in the
components corresponding $o, the inequality is strict. Indeed,

0 < (I-FByMy ' Aywy = (I-Ey Myt A)(wy—w+w) < (I—FEaMy ' A)w.
Now observe that
o =(w1); Sw; ifi ¢Sy
(wa)s { < w; if i € Sy,
sincei € S, implies that
(U)Q)Z' = [(I — EQM{lA)(w]_ — w)]l + (w — EQM;le)i < wj.

Similarly, one can show that for all < p — 1,

= (wi)i ifi ¢ Sy
(W) { <w;  ifi€ Sp.

p
Becausd_JS; = {1,2,...,n}, we conclude thal'w < w. It follows that

=1
IIT]|» < 1 and therefore(7") < 1. To complete the proof, observe that we
have shown that foreach=1,...,p,andeachy = 1,...n

(25) (I — BE:M; 1 Aw); < wy,

and thug|T — E;M; ' A|,, < 1. This upper bound is attained since we have
shown the inequality in (25) is actually an equality jog S;, cf. (15). O
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Remark 3.2.Lemma 3.1 holds for any monotonic norm, i.e., a norm for
which0 < v < wimplies|v]| < ||w]|. In fact, this is also the case for many
other results in this paper. One of the exceptions is Theorem 4.7 in the next
section, where the weighted max norm cannot be easily replaced.

Remark 3.3.The collection of triple (E;, M;, N;)}._, can be thought of
as amultiplicative multisplittingof A, in analogy with the standard (additive)
multisplitting of a matrix in the sense of O’Leary and White [38]; see also
[6] and the extensive bibliography therein, and [36] for further extensions.

Remark 3.4.In the special case whetg, = [ foralli = 1,2,...,p, we
obtain an extension to the casepdplittings of Theorem 3.2 in [1]; see also
the remarks at the end of Sect. 3in [1].

Lemma 3.1, together with the characterization (13) and Lemma 2.1, isthe
fundamental tool for proving the convergence of the multiplicative Schwarz
method for nonsingulak/-matrices.

Theorem 3.5. Let A be a nonsingular//-matrix. Then the multiplicative
Schwarz iteratior{2) converges to the solution gfz = b for any choice of
the initial guesst. In fact, for anyw = A~'e > 0 withe > 0, we have
p(T) < ||T|l» < 1.Furthermore, there exists a unique splittidig= B —C'
such thatl’ = B~1C, and this splitting is nonnegative.

Proof. Let E; be as in (7) and; as in (11). Observe tha& < E; < I,

1 <4 < p. The key to the proof is the characterization (13), from which we
have

(26) I-P=I-EM'A 1<i<p.

Moreover, by Proposition 2.3, the splittings = M; — N; (with N; =
M; — A) are regular. Hence, by Lemma 3A4(T) < ||T||, < 1 for any

w = A~'e > 0 with e > 0, and the iteration (2) converges for any initial
vectorz?. Furthermore, by Lemma 2.1, there exists a unique splitting

B — C such thafl’ = B~!C. To prove that the splitting is nonnegative we
begin by showing thaB~—! = (I — 7)) A~! is nonnegative or, equivalently,
that B—'z > 0 for all = > 0. Lettingv = A~z > 0, all we need to
show is that/ — T")v > 0, or Tv < v. This is proved in the same way as
Lemma 3.1. Hence, the unique splittilg= B — C is weak regular. To
show that it is nonnegative we need to show that I — AB~! is also
nonnegative. To see this, note that= (I — B,)(I — Py—1) -+ (I — P1),
whereP, = AE;M; ' = ART A;'R;, in view of the representation (13).
To complete the proof we show that each fadtor P; is nonnegative. In
fact,

7 I1-P'=1-R'A;"RAT =1-EMTA" >0,

justasin (24). O
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Remark 3.6.In the analysis of multiplicative Schwarz for nonsymmetric
problems using analytical tools, convergence is only obtained assuming the
addition of a (multiplicative) coarse grid correction, and furthermore that the
coarse grid be fine enough; see, e.g., [8], [44, Sect. 5.4]. As can be observed,
in the M -matrix case, our Theorem 3.5 (as well as Theorem 4.5 with inexact
solves) provides convergence without a coarse grid correction. In Sect. 7 we
show convergence of the multiplicative Schwarz method with a coarse grid
correction (both additive and multiplicative) without any restriction on how
fine itis.

We turn now to the counterpart to the convergence Theorem 3.5 in the
s.p.d. case. To that end, we first prove the following lemma.

Lemma 3.7. Let A be a symmetric positive definite matrix. kety € R”,
such that
(28) y= (I - E:M; A,

whereFE; is defined in7) and M; in (14). Then the following identity holds:

(29) 19l1% = ll2|f% = —(y — )T B AEi(y — ) < 0.
Furthermore,
(30) I - EM "Ala=1, i=1,...,p.

Proof. Considerz = n} (21, 2])T andy = = (y¥, )T, with 21, y1 €
R™:. Further, from (7) and (4) we have that

_ | Lo
(31) E;, =m; [OO} .

Consider now (28), whence we immediately have that
(32) Y2 = T2,

and using (14) and (5), we also get

(33) Aiyy = —Ajama,

where here we use the notatidn, = K;, and similarlyA,, = L; = A1T2.
Using these identities we write

y Ay — 2" Az = (yi ,y3 )miAx] (], y3)" = (a1, 23)miAn] (af , 23)"
= yi A1 + 3 Aoiyr + yi Aroye — 2] Az — 23 Anzy — 2] Aroms
=23 Aoi(y1 — 1) + (yf — 21 ) Araza + y{ Ay — 2 Ay
= —yi Ai(yr — =1) — (yi —21) A1 + yi Aiyr — 21 Aimy
= —i —2D) Ay —21) = —(y — 2) " EBAE(y — 2),
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where the last equality follows from the identity

100

Since A is s.p.d.,E; AE; is semidefinite, and the right hand side of (29)
is nonpositive. This implies thatl — F;M; 'Alj4 = |I — G;A|la < 1,
with G; = R (R;ART)~1R;. To see that this upper bound on the norm is
attained we write

(I — GiA)z ||, = 2T Az — 2T AG; Ax.

SinceG; is semidefinite, ley be such thay” G,y = 0, e.g.,y having zeros
in the entries corresponding to the nonzero columnB,céds in (4). Then,
forz = A~ly we have that|(I — G;A)z||4 = ||z]|4. O

We note that the result (30) is well known; see, e.qg., [24], [3]. Here we
have shown a proof in terms &f; and M; simply for completeness, and to
emphasize the similarity with (23).

Theorem 3.8. Let A be a symmetric positive definite matrix. Then the mul-
tiplicative Schwarz iteratio2) converges to the solution dfx = b for any
choice of the initial guess®. In fact, we havey(T') < || T'||4 < 1. Further-
more, there exists a unique splitting= B — C such thatl’ = B~'C, and
this splitting is P-regular.

Proof. As in the proof of Theorem 3.5 we have the relations (26) following
as a consequence of the equalities (13). Starting mith=£ 0 let z(+1) =

(I — P)z®. Thusz®*t) = 721, Using (29) repeatedly, and canceling
terms, we obtain

p
34) |72V~ VI[; = =@ ) B AR () -2 0),
=1
Since F; AF; is positive semidefinite it follows that the right hand side of
(34) is nonpositive. However, the right hand side is zero if and only if
Ei(z) — 20y =0  foralli, i=1,...,p.

The othem — n; components of:(‘t1) — 2() are also zero using the same
argumentasin Lemma 3.7 to obtain (32). But this impli¢d ) = z(i+1) =
2@ =2M i =1,... p. Thuse()) mustbe acommon fixed point of — P;)
foralli = 1,...,p. However, the fixed points of the projectiofs— P;)

p

are just the vectors € R™ with E;z = 0. SinceZEi > ] there is no

i=1
such common nonzero fixed point. Hence the right hand side of (34) must
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be negative, and we obtaj{T") < ||T'||a < 1. Furthermore, by Lemma
2.1, there exists a unique splittinyj= B — C such thafl’ = B~'C. With
Lemma 2.2 we obtain that this induced splittingisregular. O

Remark 3.9.In Lemma 3.7 and in Theorem 3.8 it was not required that
the matrix (14) define &-regular splitting. Nevertheless, the product of
the operators (26) produces a matrix with an induced splitting whiéh is
regular. In fact, we have that in the (unsymmetrized) multiplicative Schwarz
method,B” + C'is symmetric and positive definite.

The convergence result of Theorem 3.8 is not new; see, e.g., [9], [24,
Ch. 11], [40], [44], [51]. Here we have given a different proof, as a counter-
part to our new Theorem 3.5.

4. Inexact solves

In this section we study the effect of varying how exactly (or inexactly) the
local problems are solved. We begin with some results for algebraic additive
Schwarz. The additive Schwarz method for the solution of (1) is of the form
(2), where

p

(35) T=Ty=I-0Y RIA;'R;A,

i=1
where0 < 6 < 1is a damping parameter; see [9], [11], [12], [13], [23],
[24, Ch. 11], [44]. We emphasize that convergence of the damped additive
Schwarz method is only guaranteed fox 1/q in the M-matrix case and
for 8 < 1/ in the s.p.d. case [20], [24, Ch. 11]. In fact, simple examples
show that this method may not be convergentifer 1.

Very often in practice, instead of solving the local probledg; = z;
exactly, such linear systems are approxmatedAsz where 4; is an
approximation of4;; see, e.g., [5], and the above mentioned references.
By replacing4; with A; in (35) one obtains the damped additive Schwarz
iteration with inexact local solves, and its iteration matrix is then

p
(36) Ty=I-0> RIA'RA.
=1

In the M-matrix case we assume, as in [20], that the inexact solves
correspond to monotone matrices and satisfy

(37) A; > A,
Notice that this is equivalent to the condition that the splittings

(38) A; = A; — (A; — A;) be regular splittings



Algebraic theory of multiplicative Schwarz methods 621

Inthe s.p.d. case we assume, as is generally done (see, e.g., [24, Ch. 11]),
that the inexact solves correspond to s.p.d. matrices and satisfy

(39) A; = A
This assumption implies that
(40) Ay = A; — (A4; — A;) areP-regular splittings

~ Conditions (37) and (39) are easily satisfied. This is the case, e.g., if
A; has a subset of the nonzeros A4f (including the diagonal). This last
case includes many standard splittings such as the diagonal, tridiagonal, or
triangular part, as well as block versions of them. The other notable example
isincomplete factorizationd; = L;U; where the nonzeros of the factors are

in the locations of the nonzeros df, and in particular ILU(0O) [33]. In these
cases, the inequality (37) holds, or equivalently, we have (weak) regular
splittings [33], [48]. For examples of splittings for which the inequality (39)
holds see [35]. Another situation worth mentioning where (39) holds is when
A; is semidefinite and the inexact solver is definite. This process is usually
called regularization; see, e.g., [14], [30].

In [20] it is shown that the damped additive Schwarz iterations with
inexact local solves converge in theg-matrix case under the condition
(37) and® < 1/q. Furthermore, it is shown that the induced splittings
corresponding to (35) and (38) = My — Ny = My — Ny are weak regular.

Here we show, under the same conditions, that the convergence rate is slower
than in the exact case, and that the more inexact the local solves are, the
slower the convergence. Furthermore, we show that the splittings induced
by (35) and (36) are actually nonnegative, which allows us to compare
spectral radii.

Theorem 4.1. Let A be a nonsingulaf\/-matrix. LetA; and A4; be inexact
solves of4; satisfying4; > A, > A;. Let the damping factof < 1/q,
which implies that the damped additive Schwarz method is convergent. Then,
1 Tollw < | Tollw < |Th|lw,» Wherew > 0 is such thatdw > 0, and T} is
obtained by replacingd; by 4; in (36),7 = 1,...,p. Moreover,p(Ty) <

p(Ty) < p(Ty), and the splittings induced by these iteration matrices are
nonnegative.

Proof. Observe that
p p

(41) Myt =60Y RTAT'R, =60Y EM;' >0,
=1 =1

p p
(42) Myt =6> RTAT'R; =60Y EM;' >0,

i=1 =1
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where
4; O

-7
(43) M; = m; [O D

1—1
]m, and thusMi_lzwiT[ ] Ol]m.

. . . —1 T1
Since (37) impliesA, ~ > A, we have
—1 “r—1 .
(44) Mt > MY fori=1,...,p,

and consequentlyZ, ' > M, *. It was shown in [20] that the unique split-
ting A = My — Ny induced byTy is weak regular. The same is true of the
splitting A = My — N,. It is not difficult to show that these are actually
nonnegative splittings. Consider the splitting induced hyAll we need to
show is that the matrix

p
Ty=T-0% ARTA 'R
i=1
is nonnegative. Taking the transpose of this matrix and reasoning as in the
proof of Theorem 3.4 in [20] it follows thaty > O, hencel — AMQ‘1 =
NeMgl > O and the induced splitting is nonnegative. Thus, using Theorem
2.5, we have that ifv > 0 is such thatdw > 0, || Ty, < |75 |- Also,

using Theorem 2.9, we have thatly) < p(Ty). The other inequalities
follow in the same manner. O

WhenA is s.p.d. and the inexact solves satisfy (39), convergence holds if
6 < 1/4, as shown, e.g., in [24, Ch. 11]. Furthermore, the induced splitting
defined byMjy is P-regular; see [20]. Here we show that under the same
hypotheses the convergence using the inexact solves is slower as measured
using either the spectral radii or tdenorm (these two quantities being equal
in view of Lemma 2.11). Furthermore, the more inexact the local solves are,
the slower the convergence.

We will use he following result for s.p.d. matrices which can be found,
e.g., in[24].

Lemma4.2. Let A be a symmetric positive definite matrix, add =
RZ»ARZ-T, R; a restriction operator, so thatl; is a principal submatrix of
A.ThenRI A7 'R; < AL

This result is used in [24, Lemma 11.2.7 (ii)], and in other references
(e.g., [44]) to obtain directly the bound

(45) A < pM,

and further improve it to
(46) A= gM,

whereM is My for the valued = 1.
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Theorem 4.3. Let A be a symmetric positive definite matrix. Lét and

A; be inexact solves ofl; satisfying4; = A; = A,. Let the damping
factor & < 1/g, which implies that the damped additive Schwarz method
is convergent. Then|Tp|la < ||Tp]la < |1 Ty||.4, whereTy is obtained by
replacingA; by 4;in (36),i = 1, ..., p. Moreoverp(Ty) < p(Ty) < p(Ty),

and the splittings induced by these iteration matrices are stidfrggular.

Proof. Consider the matrices (41) and (42) which are symmetric positive
definite usingM/; as in (14) and

@7) sto=f [ 0 ] m

O A-;

Since (39) impliesA; ! = A7', we have that/, ' » M, = O. This
implies My < M, andNy < Ny. The theorem will follow from Theorems
2.10 and 2.12 once we establidh > O, i.e., that the splittings are strong

P-regular. To that end we use (46), and sirfcec 1/g, we haveNy =
My—A=iM—-A»0O. O

Remark 4.4.For simplicity, in Theorems 4.1 and 4.3, we assumed that the
inexact versions use the same damping parandetéis evident from the
proofs that if the damping parameter for the inexact version is smaller, say
f < 6, the same conclusions hold.

We proceed now with similar results for multiplicative Schwarz with
inexact solves. In this case, the iteration matrix is

48) T = (I — E,M, " A)(I — E, 1M Y A)--- (I — E\M; ' A),

cf. (22). We first prove convergence in thé-matrix case, and proceed with
comparisons varying the amount of inexactness of the local solves.

Theorem 4.5. Let A be a nonsingularV/-matrix. Then the multiplicative
Schwarz iteration with iteration matrifd8) and with inexact solves sat-
isfying (37) converges to the solution ofz = b for any choice of the
initial guessa?. In fact, for anyw = A~'e > 0 with e > 0, we have
p(T) < HT”w < 1. Furthermore, there exists a unique splittinig= B — C
such thatl’ = B~'C, and this splitting is nonnegative.

Proof. The proof proceeds in the same manner as that of Theorem 3.5. All
we need to show is that each splittidg= A/; — N;, with M; as in (43) is
regular Sinced; is monotone, it follows from (43) thaM i > 0. Now,
N; = M; — Aand

—Li D-i—Ay]’
which, in view of (37), (12), and the fact thdtis anA/-matrix, is nonneg-
ative. 0O

7TZ'NZ‘7TZ-T =
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Remark 4.6.Theorem 4.5 holds with weaker hypotheses, namely that the
splittingsA4; = A;—(A;— A;) are weak regular splittings, i.e. th@f (A;—

A;) > O, cf. (37). This is the same assumption used in [20], and it implies
that the splittingsd = M, — N; are weak regular.

Theorem 4.7. Let A be a nonsingulaf/-matrix. LetA; and 4; be Jinexact
solves of4; satisfying4; > 4; > A;. Then,p(T) < p(T) < p(T), and
for anyw > 0 such thatAw > 0 we have|T||, < ||T||w < ||T||w <1,
whereT is obtained by replacingl; by 4; in (48),i = 1,.

Proof. We start by establishing the inequalities for the spectral radii. We
confine ourselves to shawT') < p(T'); the inequalities fop(T") are proved

in the same way. By Theorem 3.5 both iteration matridésnd 7, arise
from nonnegative splittings od. Letx > 0, = # 0 be an eigenvector df

with eigenvaluep(7"). We will show that

(49) Tx>Tx = p(T)x

sothatby Lemma 2.6 we get the desired re/s@ﬁ > p(T). Letz? = 3:0 =
zand define’ := (I — E;M; ' A)z'' andz’ := (I - E;M; ' A)z~1 i =
1,...,p. Thus,a? = Tz andz? = Tz. To establish (49) we proceed by
induction and show that

(50) Azt >0,i=1,....,p—1,
and
(51) 0<z'<z, i=1,...,p.

We then have (49) sinc& = Tz andz? = Tx; see (22) and (48).

Fori = 0, (51) holds by assumption, while relation (50) is true by Lemma
2.8 (here it is crucial that the induced splittings are nonnegative).

Assume now that (50) and (51) are both true for seriie obtain (50) for
i+1, observe thatlz’*! = A(I— E;M; ' A)z’ = (I — AE;M; ") A2'. By
(27) we have — AEl-M;1 > O andAz’ > 0 by the induction hypothesis,
and thus (50) holds far+ 1. To prove that (51) holds for+ 1, we use (44),
(50), and the induction hypothesis to obtain

TN =(I-EM Az’ < (I-EM;'A)x' < (I-E;M; ' A)z' =",

To establish the inequalities for the weighted max norms, one proceeds
in precisely the same manner as before (usinghstead ofx) to show
Tw > Tw. Since both matrices are nonnegative, we |, < |||
O
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Remark 4.8.The purpose of using inexact local solvésin lieu of 4; is

to obtain convergence in less computational time. Theorems 4.1 and 4.5
indicate that, as to be expected, asymptotically the inexact methods have
slower convergence rate. Nevertheless, they converge in less computational
time if the saving from the inexact local solve is sufficiently large to offset
the loss in convergence rate. This is often the case in practice.

We present now the counterpart to the convergence Theorem 4.5 for the
s.p.d. case. Consider inexact solvisso that (40) holds. Note that we do
not require (39) to hold here. First we present a result similar to Lemma 3.7,
cf. [34].

Lemma 4.9. Let A be a symmetric positive definite matrix. bety € R"
suchthay = (I—EZ-M,[lA)x wherel; is defined if47)with A; satisfying
(40). Then the following identity holds:

(52) [[yl1% — 2|2 = —(y — 2)" Ei(M]" + M; — A)Ei(y — z) < 0.
Furthermore,|I — E;M; 'Alla=1,i=1,...,p

Proof. The proof proceeds as that of Lemma 3.7. We have that (32) holds,
but instead of (33) we havé;y; = (A; — A;)z1 — Aj222. We then obtain

yT Ay — 2T Az = 2 Ao (y1 — 1) + (yE — 2T) Aroxo + y Ajyr — 27 Asy
= (a1 (A — A)" =yl AD) (g1 — 1) +

(i — fU1 DA = Az — A + yi Ayn — 2] Az

= (—z1 A — (yf —2D)AD) (1 — =) +

(.%T — 1) (= Ay — Ai(y1 — 21)) + yi A — o Ay
—(yi —21)(Ai + AT — A)) (1 — m1)
—(y — x)TEl(MZT + M; — A)E;(y — x)

The rest of the proof is almost identical to that of Lemma 3.7]

The following theorem establishes the convergence of multiplicative
Schwarz with inexact solves in the s.p.d. case, and its proof is almost iden-
tical to that of Theorem 3.8.

Theorem 4.10. Let A be a symmetric positive definite matrix . Then the
multiplicative Schwarz iteration with iteration matr{%8) with A; defined

in (47) and with inexact solves satisfyifg0) converges to the solution of
Az = b for any choice of the initial guesg’. In fact, we havep( [ <

||THA < 1. Furthermore, there exists a unique splittidg= — C'such
thatT = B~'C, and this splitting is P-regular.
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Remark 4.11.0ur convergence Theorem 4.10 is quite general since the
inexact solvesd; need not be symmetric as is required in the standard
treatment of Schwarz methods, e.g., in [44]. We only require Afat+
A; — A; = O.

The parallel between the results féf-matrices and those for s.p.d.
matrices is not complete. We do not have at the moment a counterpart for
Theorem 4.7.

5. Varying the amount of overlap

We study here how varying the amount of overlap between subblocks (sub-
domains) influences the convergence rate of both additive and multiplicative
Schwarz.

Let us consider two sets of subblocks (subdomains) of the matras
defined by the sets (8), such that one has more overlap than the other, i.e.,
let

(53) S@QSM Zzlvvpv
p p

with | ] 5; = U S; = S. We make the natural assumption that the larger

=1
sets do not mtersect with other sets from the same group of varighples.,

that the measure of overlgmloes not change. Of course, each%etefines
anfn; X n matrlxRZ, wheren; is the cardinality of5;, and the corresponding
n x n matrix B; = RTRZ, as in (7). The relation (53) implies that

A

(54) I>E >E >0.

Similarly, if 7; is such that; = [1;|O] 7;, with I; the identity inR™ , we
denote byA; the corresponding principal submatrix 4f i.e.,

A; = RART = [I;|O] - #; - A - 7T - [1,]O)7,
and, asin (11) define
(55) M; = =l {Ai o } i,
whereD_; = diag(A_;) > O, andA_; is the(n — 7;) x (n — ;) comple-

mentary principal submatrix ofl as in (6). As in (13), we have here also
the fundamental identity

EAiMi_l = RlTAZ_le, 1= 1, ceeyPe
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We want to comparé?[i with M;, aIthoughAi and A; are of different size.
Without loss of generality, we can assume that the permutatipaad 7;
coincide on the sef;, and that the indexes if}; are the first:; elements in
S,. In fact, we can assume that = ;. Thus, 4, is a principal submatrix
of 4;, and M, has the same diagonal a¢;. Since bothA; and M; are
M -matrices, it follows that

(56) My < Mj i=1,...,p
We consider first the case of damped additive Schwarz with iteration

matrix (35), and the iteration matrix corresponding to the larger overlap is

(57)

p
ZPJA 'R, A

Before we state our first comparison result, let us mention thatin general one
expects the increase of overlap defined by (53) to be such that the groupings
of the sets is maintained, and thus the measure of overlépbe the same.

This is is not a constraint; if we have a different measure of overlap, and say,
G # q, we only need to change our hypothesis 1/qtof < 1/ max{q, ¢}.

Theorem 5.1. Let A be a nonsingulan/-matrix. Consider two sets of sub-
blocks ofA defined by53), and the two corresponding additive Schwarz
iterations (35) and (57). Let the damping factof < 1/¢, which implies
that the additive Schwarz methods are convergent. THB, < || 75]|w,
wherew > 0 is such thatdw > 0. Also,p(Tp) < p(Tj).

Proof. Because\/; andM; are both)M-matrices, it follows from (56) that
(58) M7P>M7 i=1,...,p,

and together with (54) we have; ;' > F;M;"!. This implies that
. p U R p o P
Myt =0 RTAT'R; =0 EM; ' >60Y EM; ' =M,"'>0,
=1 =1 =1

whereA = My — Ny is the unique splitting such thdy = M, ' Np; see
Lemma 2.1. Since the splittings are nonnegative (see Theorem 4.1), the
conclusions follow from Theorem 2.5 and Theorem 2.91

Theorem 5.2. Let A be a symmetric positive definite matrix. Consider two
sets of subblocks of defined by53), and the two corresponding additive
Schwarz iterationg35) and (57). Let the damping factof < 1/, which
implies that the additive Schwarz methods are convergent. Tgh, <
1Ty][4 and p(Ty) < p(Tp).
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Proof. Let QZ = E,L'M;l = RZTA;lRl and@,- = EA‘iMiil = E?AIIRZ
SinceA,; is a principal submatrix afl;, by Lemma 4.2 we have th@; = Q;.
Therefore,

p p
Myt =0> Qi = 0> Qi=M;"'~0.
i=1 =1

As shown in the proof of Theorem 4.3, these splittings are stiémggular,
and the theorem follows from Theorems 2.10 and 2.121

We remark that the proof of Theorem 5.2 does not really use the new
representation (13), but it is of the same spirit as the proof of Theorem 5.1.

Theorems 5.1 and 5.2 indicate that the more overlap there is, the faster
the convergence of the algebraic additive Schwarz method. As a special
case, we have that overlap is better than no overlap. This is consistent with
the analysis for grid-based methods; see, e.g., [4], [44]. In a way similar to
that described in Remark 4.8, the faster convergence rate brings associated
an increased cost of the local solves, since now they have matrices of larger
dimension and more nonzeros. In the cited references a small amount of
overlap is recommended, and the increase in cost is usually offset by faster
convergence.

Remark 5.3.Results similar to Theorem 5.1 were shown for (additive) mul-

tisplitting methodsin [17] and [28]; see also [22]. Inthese references, though,
the weighting matrices had to be the same for both sets of splittings. Here
we are able to prove this more general result since we do not require that

p p
Y E; =) E; = I, asin the multisplitting setting. Instead all we need is
=1 i—1
that these sums be invertible.

We consider now the algebraic multiplicative Schwarz iteration with (22)
and the corresponding one with the larger overlap, i.e.,

(59) T = (I— E,NM,"A)(I - E,_1M, " A)--- (I — E\M; ' A).
Convergence follows in th&/-matrix case from Theorem 3.5.

Theorem 5.4. Let A be a nonsingularM -matrix. Consider two sets of
subblocks ofA defined by(53), and the two corresponding multiplicative

Schwarz iterationg22) and (59). Then,p(T") < p(T"), and for any vector
w > 0 such thatAw > 0 we have|T'||, < ||T]|w-

Proof. The proof proceeds exactly as in the proof of Theorem 4.7 using
(58). O
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6. Varying the number of blocks

We address here the following question. If we partition a block into smaller
blocks, how is the convergence of the Schwarz method affected? I the
matrix case, we show that for both additive and multiplicative Schwarz the
more subblocks (subdomains) the slower the convergence. In the s.p.d. case,
this is shown only for additive Schwarz. In a limiting case, if each block is
a single variable, this is slower. This result is consistent with the classical
comparison theorem of Varga [49], which for example shows that the point
Jacobi (point Gauss-Seidel) method is asymptotically slower than block
Jacobi (block Gauss-Seidel). As in the situations described in sections 4 and
5, the slower convergence may be partially compensated by less expensive
local solves, since they are of smaller dimension.

Formally, consider each block of variabl§s partitioned intok; sub-
blocks, i.e., we have

(60) SijCSZ‘, 7=1,...k;

k;
USZ-]. = S;,andS;, N S;, = 0if j # k. Each setS;, has associated
j=1

matricesRk;, andE;;, = RiTjRij. Since we have a patrtition,

ki
61) Ei, <Ej j=1,....,k, and > E; =FE;,i=1,...,p.
j=1

We define the matriced;, = RZ-J.ARZ;, andM;; corresponding to the set
S;; in the manner already familiar to the reader (see, e.g., (55)), so that
Eile.gl = RfjA;leij, j=1,...k,i=1,...,p.

Given a fixed damping parametgrthe iteration matrix of the refined par-
tition is then

Pk
(62) Ty=1-0) > EijMijA,
i=1 j=1

cf. (35), and the unique induced splittisg= My — Ny (which is a weak
regular splitting) is given by

P ki
My =603 B M

i=1 j=1

We note that due to the inclusion (60), the measure of overlapgnnot
increase.



630 M. Benzi et al.

Theorem 6.1. Let A be a nonsingularM -matrix. Consider two sets of
subblocks ofA defined by(8) and (60), respectively, and the two corre-
sponding additive Schwarz iteratio(5) and(62). Let the damping factor

6 < 1/q, which implies that the additive Schwarz methods are convergent.
Then,||Tyllw < ||Tpllw, Wherew > 0 is such thatdw > 0. Furthermore,

p(Ty) < p(Tp).

Proof. In the same way that the inclusion (53) implies the inequality (56)
and in turn the inequality (58), here the inclusion (60) implies that

(63) MijlgMi‘l, j=1,...k,i=1,...,p.

Combining (61) with (63) we have that

ki ki
Z Z = EM;

and thusMH*1 < M;l, which implies the result, using Theorems 2.5 and
29. O

Theorem 6.2. Let A be a symmetric positive definite matrix. Consider two
sets of subblocks ol defined by(8) and (60), respectively, and the two
corresponding additive Schwarz iteratiof85) and(62). Letk = max; k;,
and letthe damping factors i9e< 1/G,andd = 0/k < 1/(kq). Thisimplies
that the additive Schwarz methods are convergent. THEf.4 < || 75| 4
andp(Ty) < p(1g).

Proof. As in the proof of Theorem 5.2 we have, using Lemma 4.2, that
Qi; = Ei; M '<Q=EM™

k;
Therefore,ZQij < k;Q;, and

j=1
Mt —HZZQZ < k:HZQz = kM, ",
=1 j5=1
which is equivalent tal/;" = (1/k)M, "' < M;'. The theorem now

follows using Theorems 2.10 and 2. 12 and the fact that these are strong
P-regular splittings, as shown in the proof of Theorem 4.3]

We note that the fact that the bound for the damping fatt®fower than
that for is consistent with the fact that we increase the number of regions
in the same proportion. Nevertheless, the result of Theorem 6.2 holds for
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the same damping factér This follows from the fact that due to (60), the
number of colors does not increase. The proof has to be modified using the
same arguments as in [24, Lemma 11.2.14] to improve the bound (45) to
obtain (46).

Next, we consider the case of multiplicative Schwarz. Again, we can
show that using more subblocks of smaller size results in slower asymp-
totic convergence rates. The iteration matrix for the multiplicative Schwarz
method corresponding to the finer partition (more subblocks) is given by

1 1
o - 1lu
i=p j=k;

whereP;, = EijMizlA = R;-Z;A;leijA.

Theorem 6.3. Let A be a nonsingulaf/-matrix. Consider two sets of sub-
blocks ofA defined by(8) and(60), respectively, and the two corresponding
multiplicative Schwarz iterationg3) and (64). Thenp(T') < p(7T), and

| T||w < ||T|w for any vectorw > 0 for which Aw > 0.

Proof. Since eactP; = E;M; 'A = RT A7 R; is a projection we have
I-P=I-P)?=...=(I—-P)
This allows us to represefit from (3) (or (22)) as a product with the same
p

number of factorg = Z k; as in the representation (64) f6tf namely
i=1
1
(65) T=1[-P)*
i=p
We pair each of thé factors] — P;, = I — Ei].MglA of T in (64) with
the corresponding factdr— P, = I — EiMi_lA of T in (65). This pair of
factors correspond to the set of indicgs andS; satisfyings;, C S;. By
(61) and (63) we have thﬂijMi;1 < E;M; . We can therefore proceed

in exactly the same manner as in the proofs of Theorems 4.7 and 5.4 to
establish the desired results.O0

7. Two-level schemes

In this section we assume that all local solves are exact; however, analogous
results hold for the case of inexact solves, provided that the conditions
spelled out in Sect. 4 are satisfied. Suppose a “coarse grid” correction is
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added (multiplicatively) to the multiplicative Schwarz iteration (2). This
results in a stationary method with an iteration matrix of the form

(66) H=(I-GyA)T

whereT is the iteration matrix of the multiplicative Schwarz method and
Go = RY(RyARY) "1 Ry. We assume here th& is formed by some rows
of the (n x n) identity matrix I, so thatRyAR] is a principal submatrix
of A. Typically, Ry is defined in such a way that it has at least one row in
common with each of th&; matrices that define the multiplicative Schwarz
iteration,1 < ¢ < p. Thus, the number of rows iR, is no less thap, and
should be much less thanlin particular, the coarse grid correction proposed
in [47] and used, e.g., in [27], is of this form.

As before, associated with this matt,, we define matrice&, and
My such thatEgM; A = GoA, andO < E, < I. Note that if A is
an M-matrix, A = My — (My — A) is a regular splitting, and ifd is
s.p.d.,My = O. The (singular) matriX — Gy A defines the global coarse
solve, which follows the multiplicative Schwarz sweep. We are interested
in comparing the convergence rate of the multiplicative Schwarz iteration
with and without the coarse grid correction.

Theorem 7.1. Let A be a nonsingulan/-matrix. Letl’ and H be the itera-
tion matrices defined i{2) and (66), respectively. Thep(H) < p(T'), and
for any vectorw = A~'e > Owithe > 0, ||H|w < ||T|w. Furthermore,
the splitting induced by{ is nonnegative.

Proof. Itis clearfrom Theorem 3.5 that adding a coarse grid correction to the
multiplicative Schwarz iteration preserves convergep¢é:) < 1. Hence,
there exists a unique splitting = F — (F — A) suchthatd =1 — F~'A

and the splitting is nonnegative by Theorem 3.5. Furthermore,

(67) F'=B1'4+Gy(I-AB Y)Y >B1>0,

whereA = B — (B — A) is the (unique) nonnegative splitting induced by
T. By virtue of (67) and Theorem 2.9 we conclude thét/) < p(7T'), and
using Theorem 2.5|H||, < ||T||w. O

Theorem 7.2. Let A be a symmetric positive definite matrix. Zéand H
be the iteration matrices defined(2) and(66), respectively. Thep(H) <
[|H||a < ||T||a < 1. Furthermore, the splitting induced Wy is P-regular.

Proof. From Theorem 3.8, we hayf'||4 < 1, and from Lemma 3.7 we
have that|I — Gy A||4 = 1. Hence

[1H]la = [[(I = GoA)T|[a < [ = GoAl[allT[[a = |IT]|a < 1.
The induced splitting ig>-regular by Lemma 2.2. O
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Hence, a coarse grid correction results in an asymptotic convergence rate
which is at least as good as that of the multiplicative Schwarz iteration (2).
Theorems 7.1 and 7.2 refer to the case where the global coarse solve is
multiplicativelyapplied to the multiplicative Schwarz iteration. In [20], the
case ofadditivelycorrected additive Schwarz methods was studied. There
remain two other situations to be analyzed, the so-cddidatid methods.
In one case, the multiplicative Schwarz method is additively corrected; this
is called thetwo-level hybrid | Schwarz methad [44]. In the other case,
the additive Schwarz method is multiplicatively corrected, leading to the
two-level hybrid Il Schwarz methpsee [44, pp. 47-48]. We begin with the
multiplicative Schwarz method with additive correction. In this method, the
iteration matrix is of the form

(68) Hyo=1-6(Go+B 1A

wheref > 0 is a damping parametety = R{ (RoAR}) 1Ry andA =
B — C'isthe unique splitting induced [, the iteration matrix of the muilti-
plicative Schwarz method. 1 is anM -matrix this splitting is nonnegative,
and if A is s.p.d. this splitting ig*-regular; see Theorems 3.5 and 3.8.

Theorem 7.3. Let A be a nonsingulad//-matrix. If0 < 6§ < 1/2, the two-
level hybrid | Schwarz method, with iteration mat(68), converges to the
solution of Az = b for any choice of the initial guesg’. In fact, for any
w= A"te > 0withe > 0, we havep(Hy) < ||Hy||., < 1. Furthermore, if
BEy + My is invertible, the splitting induced b§fy is nonnegative.

Proof. We first show thatdy > O. Indeed, lettingly = I — MglA, and
sinceO < Ey < I, we have

Hy = Q(T + E()To) + (1 — 9)] —0F),

a nonnegative matrix fdy < # < 1/2. Then we use that, > O and that
B~! > O and the fact that no row aB~—! can be all zeros to write for
w=A"le>0withe >0

Hyw = w — 0(Goe + B 'e) < w,

concluding that| Hy||., < 1.
For the nonnegativity of the splitting, assuming tBdt + M is invertible,
consider the matrix

My =6~ My(BEy + M) 'B.
This matrix is invertible, and

My ' = 0B Y(BEy + Mo)M " = 0(EoMy ' + B~1) > O.
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Further, Hy = I — Mg‘lA; thus, A = My — (My — A) is the unique
splitting induced byHy. To complete the proof all we need to show is that
I—AM," > O, for0 < 6 < 1/2. This follows in a way similar to the
nonnegativity offy using the fact thatl = B — C is a nonnegative splitting
andA = My — (M — A) is aregular splitting. O

The hypothesis thaB E, + M, be nonsingular (not needed for conver-
gence) is very mild. To see this, lety = RyARL, which is a principal
submatrix ofA and thus a nonsingulatd -matrix. Letr be the permutation
so that (4) holds fof = 0. Then, we have the nonsingular matfik, of the
form (11). Sincelyy is of the form (31) B £y hasng nonzero rows which are
rows of the monotone matri®. Thus, the addition of the tertBE; only
affects the firsty rows of My (once permuted), anB Ey + My is likely to
continue to be nonsingular.

Theorem 7.4. Let A be a symmetric positive definite matrix0lk 6 < 1,
the two-level hybrid | Schwarz method, with iteration mafé&), converges
to the solution ofdz = b for any choice of the initial guesg’. In fact, we
havep(Hy) < ||Hp|la < 1. Furthermore, the splitting induced by is
P-regular.

Proof. We write forg > 0

||Hgl|a = |[0(I — GoA) +6(I — B'A) + (1 — 20)1[4
< O||I — GoAl|la+ 0| — B~ YA|[4+1]1—-20| <1,

where the last inequality follows from Lemma 3.7, Theorem 3.8, and the
assumptiord < 1/2. With Lemma 2.2 the induced splitting B-regular.
0

Note that, because of the presence of the damping paraéetés not
generally possible to compare the asymptotic rate of convergence of the
two-level hybrid | Schwarz method with that of the one-level multiplicative
Schwarz method. In any case, the following simple example shows that, in
general, one cannot expect the convergence rate to improve as a result of the
addition of a global coarse solve.

Example 7.5.Let

2—-1 0
a2 = 309,
0-1 2

100 010
Rl_[om}’ RQ_[OOl]'
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Then the eigenvalues éfy arel — 26 (with multiplicity 2) and1 — %9. This
matrix is convergent fob < 6 < 1, showing that, in general, the restriction
onfinthe statement of Theorem 7.3 is a sufficient condition only. The matrix
Hyis nonnegative ifand only if < § < 1. Forf = 1, the spectral radius is
p(Hy) = 5. The minimum ofy( Hy) is attained fo = -%, corresponding to
p(H%) = % ~ 0.3846. The spectral radius of the one-level multiplicative
Schwarz iteration matrix ip(7) = § ~ 0.1111. Thus, for this particular
example, supplementing the one-level multiplicative Schwarz method with
an additive global coarse solve results in a degradation of the asymptotic
rate of convergence, for any value of the damping parandeter

For completeness, we take a look at the two-level hybrid Il Schwarz
method, i.e., additive Schwarz with a multiplicative coarse grid correction.
The iteration matrix is now

(69) Hy = (I - GoA)Ty

whereTy is given by (35). Herd is the damping parameter; whehis a
nonsingula\/-matrix and) < 6 < 1/q (whereg is the measure of overlap)
we have||Ty||, < 1, withw = A~te > 0 ande > 0, and when4 is s.p.d.
andf < 1/q (whereq is the number of colors) we hayEy||4 < 1; see
[24] and [20].

Theorem 7.6. Let A be a nonsingulad\/-matrix. If 0 < § < 1/g, the two-
level hybrid Il Schwarz method, with iteration mat(B0), converges to the
solution of Az = b for any choice of the initial guess’. Furthermore,
p(Hy) < p(Tp) < 1, for any vectorw = A~te > O withe > 0, ||Hy||w <
[|Ty||w < 1, and the splitting induced bify is nonnegative.

Proof. Lettingw; = Tyw, we havew; < w. An argument identical to the
one used in the proof of Lemma 3.1 shows that

Hopw = (I — GopA)w; < wy < w,

hence||Hyl||,, < 1 and the two-level hybrid Il Schwarz method is conver-
gent, provided thal < 6 < 1/q. We already know that the unique splitting
A = My — Ny induced byTjy is nonnegative. Let novd = B — C be the
unique splitting induced b¥. This splitting is weak regular, sindé, > O
and

B =M+ Go(I - AM; ) > Myt > 0.
It follows from Theorem 2.5 thdtHy||., < ||Ts||.- The splitting is actually
nonnegative. Indeed,

I—AB™'= (I — AGy)(I — AM,; ") > O.
Thus, by virtue of Theorem 2.9, we also hanedy) < p(1y). O
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Theorem 7.7. Let A be a symmetric positive definite matrixOlf< 6 <
1/4q, the two-level hybrid Il Schwarz method, with iteration mati®®),
converges to the solution ofz = b for any choice of the initial guess’.
Furthermore,||Hy||a < ||Ty||a < 1, and the splitting induced by, is
P-regular.

Proof. With Lemma 3.5 we have
[[Hpl|la = ||[(I — GoA)Tpl||a < |[I — GoAllal|Ty||a = [|Thl|[a < 1.
With Lemma 2.2 the induced splitting B-regular. O

Remark 7.8.More generally, we could consider two-level methods where
the iteration matrix is of the forni/ — GoA)T andT represents one or
more steps of amoother As long asi’ induces a nonnegative splitting

of the nonsingula/-matrix A, or a P-regular splitting ifA is s.p.d., one

can show that the coarse grid correction, represented by the singular matrix
I —GyA, produces an asymptotic convergence rate which is at least as good
as that achieved by the smoother alone.

Finally, we consider the case of two multiplicative two-level schemes
which use different global coarse solves for the corrections, with one nested
inside the other. As in Sect. 5, we only consider tfematrix case. Let the
iteration matrices be given by

(I —GoA)T and (I —GoA)T

respectively. Heréx andGy correspond to subsefs and Sy of S, with

So C Sp. In other words,Gy = RE(RoARE)~- 1R0 and Gy = RY
(RoARY)~' Ry and every row ofR, is also a row ofRy. Then it is easy to

see that the convergence rate, as measured either by the spectral radius or
by the weighted maximum norm, is better for the method corresponding to
the finer grid. The proof uses exactly the same argument as the one used to
prove Theorem 5.4.
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