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Abstract

We introduce a novel strategy for parallel preconditioning of large-scale linear systems by
means of a two-level factorized sparse approximate inverse algorithm. Using graph partition-
ing and incomplete biconjugation we are able to obtain a highly parallel preconditioner. The
algorithm has been implemented using MPI on a SGI Origin 2000 computer at Los Alamos
National Laboratory and is currently being used to solve unstructured linear systems with
up to a few million unknowns from a variety of applications. The numerical experiments
demonstrate the excellent scalability of the algorithm for sufficiently large problems.
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1 Introduction

The problem of devising robust preconditioning methods for general linear systems that can be
efficiently implemented on current parallel architectures continues to attract considerable at-
tention. A promising approach, which has seen a great deal of activity in recent years, is the one
based on direct approximations to the inverse of the coefficient matrix A. With this approach,
a sparse matrix M ~ A~! is explicitly computed and stored and used as a preconditioner for
Krylov subspace methods for the solution of Az = b. The main advantage of this approach
is that the preconditioning operation reduces to a matrix—vector product, an operation that
is easily vectorized and parallelized. This is in contrast with more traditional general-purpose
preconditioners, like those based on incomplete factorizations of the coefficient matrix A, which
require sparse triangular solves to be performed at each iteration. Because triangular solves
are inherently sequential operations, it is difficult to efficiently implement incomplete factor-
ization preconditioners on vector and parallel computers, particularly for irregular problems
such as those arising from unstructured grid computations. Besides parallel processing, an-
other advantage of sparse approximate inverse techniques is that they are generally less prone
to instabilities than incomplete factorization methods, and therefore they sometimes succeed
in solving difficult problems for which more standard methods are ineffective. A number of
different sparse approximate inverse algorithms have been proposed in the literature. Some of
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the main references include , , , , , , , , , . In particular,
provides a fairly complete survey of the existing algorithms, together with a comparison on a
broad range of test problems.

In this contribution we focus on the AINV preconditioner , . This method, which is
based on incomplete bi con ugation, is fairly robust comparable to I  -type methods , de-
livers good convergence rates, and has low set-up costs. In our experience, AINV is one of
the most competitive approximate inverse techniques , . We review this method brie y in
Section . The main drawback of AINV is that the construction of the preconditioner rests on
a generalization of the ram—Schmidt orthogonalization process, which is highly sequential in
nature. Thus, the parallel computation of the preconditioner presents a challenge, particularly
in a distributed environment. In this paper we show how this limitation can be removed using

graph partitioning Sections — . The combination of the AINV technique with graph parti-
tioning results in a highly parallel preconditioner. We have implemented the preconditioner on
aS I rigin using ortran  and I , using for the graph partitioning.

The code has been tested on a variety of large-scale linear systems arising in real-life applica-
tions.  ur experimental results reported in Section  demonstrate the excellent scalability
features of our algorithm, provided that the problem has sufficiently large size.

Some conclusions and suggestions for future work are given in Section

t nd rd 1 orit
The AINV algorithm | constructs a factorized sparse approximate inverse of the form
M = -1 ~ AL
where are unit upper triangular matrices and  is diagonal. The approximate inverse
factors and are sparse approximations of the inverses of the and factors, respectively,
in the decomposition of A. The AINV algorithm computes and  directly from

A by means of an incomplete bicon ugation process, in which small elements are dropped to
preserve sparsity. In order to describe the procedure, let  and  denote the th row of A and
A | respectively i.e., is the th column of A . Also, let  denote the th unit basis vector.
The basic A-bicon ugation procedure can be written as follows.

or Bicon ugation algorithm
-1 _ -1 -1 _ -1
1 -1
I —1 1 —1
= 1 = 1
-1 -1 -1



Sparsity is preserved by dropping in the - and -vectors after the updates at step . If
A=A then =  and the columns of are approximately A-con ugate. The incomplete
procedure is well-de ned, i.e., no breakdown can occur, if A is an -matrix. In the general
case, diagonal shifts may be necessary in order to prevent breakdowns. See ,  for details.

irect comparisons ,  have demonstrated that this method is signi cantly faster than
approximate inverse preconditioners based on norm-minimization techniques like S Al on
scalar and vector computers. This is due to the fact that the serial arithmetic cost of the pre-
conditioner construction is much smaller for AINV than for most competing methods and, to
a lesser extent, to the fact that AINV results in faster convergence on average. Being a factor-
ized preconditioner, AINV can be used with the con ugate gradient method for solving
symmetric positive de nite S problems, unlike S AI. Also, sparse matrix reorderings can
be used to increase the efficiency of the preconditioner see , . In contrast to other factor-
ized sparse approximate inverse preconditioners, like the SAI method , 1t is not necessary
to prescribe the sparsity pattern of the preconditioner factors in advance. Indeed, signi cant
entries in the inverse factors are automatically captured by means of a drop tolerance, thus
making the preconditioner well-suited for problems with general sparsity patterns.

As already indicated in the Introduction, a drawback of AINV is that, as it stands, the

bi con ugation process is highly sequential. owever, it is possible to exploit certain sparse

matrix reorderings, such as those induced by graph partitioning, to introduce parallelism in the
preconditioner construction phase. This idea was rst put forth in the remaining of the
present paper is devoted to investigating and testing such idea.

r rtitionin

raph partitioning has become a universal tool in parallel computing, where it is routinely used
for partitioning a problem among processors in a parallel environment. ere we will describe
how it can be used in con unction with the AINV algorithm to get a highly parallel, two-level
preconditioner. Besides allowing the introduction of parallelism in the preconditioner construc-
tion phase, this approach is very natural since in most parallel applications the computational
mesh is typically partitioned at the outset by some form of graph partitioning.
ecall that any sparse, structurally symmetric matrix has an associated ad acency graph

= where = is the vertex or node set and is the set of edges
with such that = . Note that the graph is undirected that is, no distinction
is made between and . If A is not structurally symmetric, we associate to it the

ad acency graph of A A . raph partitioning algorithms split the graph in such a way that
the resulting subgraphs are of roughly equal size and the number of edge cuts is approximately
minimized. Nodes which are connected by cut edges are removed from the subgraphs and put
in the separator node set. By numbering the nodes by subgraphs and taking the separator
nodes last, the matrix is permuted into the following block angular form

Ay 1
A

A
1 A

where  is a permutation matrix. The diagonal blocks A; A correspond to subgraphs



induced by the interior nodes in the graph decomposition, the off-diagonal blocks and
represent the connections between the subgraphs, and A the connections between nodes in
the separator set. Such matrix structure frequently arises from the application of domain
decomposition with no overlap also known as substructuring for the solution of discretized
s. raph partitioning algorithms, however, are applicable to arbitrary sparse matrices and
make no use of underlying geometric information indeed, there may be no underlying physical
grid.
onsider now a distributed parallel system consisting of computational nodes ;
each node can either be a single processor or, in some cases, a box comprising several proces-
sors. or example, the AS IBlue ountain massively parallel system at os Alamos National
aboratory is presently con gured as a cluster of = S I rigin multiprocessors,
each consisting of processors, for a total of processors.  sing graph partitioning, the
problem can be split between the nodes so that node holds A and .
ne of the nodes, marked , should also hold A . As we shall see in the next section, this
distribution of A allows the parallel computation of a factorized sparse approximate inverse of
A . ere we address the question of computing matrix—vector products, an operation that
is required at each step of a Krylov subspace method. Assuming that the vector z is partitioned
conformally to A , with node holding the subvector z , the matrix—vector product of
A times z is

Ay 1 T1 Az 1T
A T Az T
A T Az T

1 A x , ¢z Az

It is clear that the rst components of the product can be computed completely in parallel,
provided that each node holds a copy of £  hence, at each iteration, it is necessary to
broadcast a copy of  from node to each remaining node. The last component of the
product, on the other hand, requires the computation of the local contributions =z ,
which is done completely in parallel, followed by a reduction fan-in across nodes to accumulate
the local contributions on node , which in the meantime has calculated its own contribution
A z . The fan-in requires = log steps. It is already clear from this discussion that good
parallel efficiency requires that the size of x , which is the number of graph vertices in the
separator set, is as small as possible as we will see, this condition is also crucial for having
an efficient parallel construction of the preconditioner. Another obvious requirement is good
load balancing, which means that the A blocks should have approximately the
same number of nonzero entries. These are precisely the goals that good graph partitioning
algorithms strive to achieve.

or a xed graph, the number of nodes in the separator set increases with the number
of partitions, while the number of interior nodes in each partition decreases. Because good
parallel efficiency requires that the number of nodes in each partition the order of each A
be large relative to the number of nodes in the separator set the order of A | it is obvious
that for a given problem there is a maximum number of processors that can
be used efficiently, and increasing after that point will actually decrease the efficiency of the
algorithm.



t o roi t in r orit

It is easy to see that the inverse of the permuted matrix A can be decomposed as

—1 -1
1 1 1
—-1 —1
A o 1 -1_
-1 —1
—1 -1
1
where
A = _ -1 -1 -1 _ -1 -1 -1

and are the triangular factors of the Schur complement matrix

=A A

An important observation is that —! ! preserve a good deal of sparsity, since 1l-in can occur

only within the nonzero blocks . This is in contrast with A~!, which is generally completely
full the same is true, of course, for the inverse of A . Additional sparsity can be obtained
by reordering the diagonal blocks A , for instance with inimum egree, eneralized Nested
issection, or a recursive application of graph partitioning. The latter strategy would be the
natural choice in the case where each computational node s itself a multiprocessor, since in
this case several processors would be assigned to each diagonal block A and graph partitioning
would be needed to exploit this further level of parallelism.
ven though the inverse factors of A preserve a good deal of sparsity, it is generally
too expensive to compute them exactly. Instead, we compute sparse approximations =~ ~!
and ~ ! so that a sparse approximate inverse of =~ A is obtained. This approximate
inverse is used as a preconditioner for an iterative method applied to

A = b = z

whence the solution of the original linear system Ax = b is obtained as z =

The parallel computation of the approximate inverse factors ~ ! and ~ 1
proceeds as follows.  ecall that node holds A . ne of these nodes,
marked , also holds A . irst, each node  computes sparse triangular matrices = -1
and ~ ! such that ~ A! using the standard AINV algorithm Algorithm . |,
in parallel for = . Note that for notational convenience we are now absorbing the
diagonal factor ~!in A7l ~ -1 in either one of the triangular factors. nce this is
done, each node computes the local contribution ~ A ! to the approximate

Schur complement

=A =
1
which is then accumulated on node by a fan-in across nodes in = log steps. At this point
a sparse approximate inverse factorization of the approximate Schur complement is computed,
sequentially, on node , resulting in sparse triangular matrices ~  and ~

The two-level nature of this preconditioner is now apparent at a rst level, sparse approximate



inverses of the diagonal blocks A are computed the second level consists of the computation
of a sparse approximate inverse of the approximate Schur complement. The factorized sparse
approximate inverse M = A ~lis then

1 1 1
M = =
1
where = and = . Notice that it is not necessary to compute
the off-diagonal blocks and  explicitly, since the application of the preconditioner only

requires matrix—vector products.

Again, because of the sequential bottleneck associated with the approximate Schur com-
plement calculation, it is in the interest of parallel efficiency to keep the separator set small
relative to the partitions. This is also necessary for the efficient execution of the matrix—vector
products with the approximate inverse factors and , which are performed similarly to the
matrix—vector product with A illustrated in the previous section.

A fundamental question that arises in connection with this preconditioning strategy concerns
the effect of the symmetric permutation A A induced by the graph partitioning on the
quality of the preconditioner as measured by the rate of convergence of the preconditioned
iteration. As we will see in the next section, it turns out that in most cases the number of
iterations is scarcely affected by the reordering. Indeed, there are many cases in which the
number of iterations tends to decrease as the number of partitions increases. This is because
of the approximate Schur complement contribution to the preconditioner, which plays the role of
a coarse grid correction and allows a global exchange of information between the computational
subdomains.

ence, we observe here a remarkable situation we can use sparse matrix reorderings to
increase parallelism in the preconditioner while at the same time reducing 1l-in in the incom-
plete inverse factors, without negatively affecting the rate of convergence This situation should
be compared with that for I  -type preconditioners, where it is known that parallel orderings
such as multicoloring and ll-reducing orderings like inimum egree or Nested issection
often have a detrimental impact on the rate of convergence of the preconditioned iteration

We mention two potential problems that could arise with the approach outlined above.

irst, the approximate Schur complement  could in principle become unacceptably dense,
posing storage problems and increasing set-up costs. Second, it could happen that some of the
local approximate inverse factors are considerably denser than others, therefore causing
a load imbalance which will deteriorate the parallel efficiency of the preconditioner. Both
problems can be mitigated to some extent by modifying somewhat the algorithm, but since
they have not occurred in practice so far , we do not discuss them further.

u ric ri nt
We coded the parallel preconditioner in ortran using 1 . The platform used is a
S I rigin multiprocessor. or the graph partitioning we used , available in

the public domain. A number of tests on matrices from real applications mostly AN codes



have been performed. ere we report on a selection of results that are representative of the
behavior observed. A description of the test problems is provided in Table below. ere is
the problem size and the number of nonzeros in the matrix. The rst four problems are
symmetric positive de nite, the others nonsymmetric.

Table  Test problems information.

atrix Application

ANT , , Neutron transport
ATTI A , , Nuclear well logging
A ST S , y s iffusion two materials
K NS A y s uantum chemistry
A , s etal casting
V NKAT , s uler solver

A , s roundwater ow
NV- 1 y y convection-diffusion

ost of these matrices arise from nite element discretizations of three-dimensional prob-
lems on unstructured meshes. In some cases the coefficients in the corresponding partial differ-
ential equation are highly discontinuous. The hardest problem in this set is perhaps A ,

which is strongly inde nite about of the diagonal entries are zero . We were not able to

solve this problem using various 1 and I T preconditioners. A standard A Alge-
braic ultigrid algorithm was also unsuccessful.

The following table contains the results of our experimentsona S I rigin at AN .

or the S problems, con ugate gradient acceleration was used, whereas Bi- STAB was

the iterative method used for the nonsymmetric problems. In all cases the stopping criterion
was a reduction of the initial residual norm by at least eight orders of magnitude. The initial
guess was £ = and an arti cial right-hand side was chosen so that the solution was the
vector of all ones. or the drop tolerance, the standard value = was used with AINV
in all cases except for the runs with ATTI A, where we used = , and with A on
and processors where the occurrence of pivot breakdowns forced us to use = and
= , respectively. As usual, the coefficient matrix was rst rescaled by dividing each entry
by max so that all entries of the scaled matrix lie in the interval . The same value
of was always used for both the diagonal blocks A and the approximate Schur complement
, because numerical experiments suggested that there is no gain in using different values of

in the two phases. With the exception of the A and NV- I  problems, the value
= results in preconditioners which are considerably sparser than the original matrix. The
same choice = has also been recommended by other authors see  and

In Table we provide for each matrix and for each number of processors partitions
used the number of nonzeros in the approximate inverse factors in thousands with the time
to compute the preconditioner above , and the number of iterations with the corresponding
timing below . Timings are wall-clock times and are measured in seconds. The compiler option
- was used. The time for the graph partitioning is not included, but it is always negligible
relative to the total solve time. Also, in a real application, the connectivity information about
the matrix is usually already partitioned among processors, and the calculation of the matrix
elements is also done in parallel.



Table  Test results for different numbers of processors.

2 2
ANT . 20 .2 . 0. . 0.
2 .0 0 0. 0. 0.
ATTILA 2 . 2 20 2 2 2
2 2. 2 0.2 20 .0 22 2
AUGUSTUS .0 0 .2 . 2 . 0 .2
. 2.0 2 0 0 .2 2
O N-S AM . . . . 0 2.
2 0 22
AL 0o . 2 . 2
. 2 2 2. 02 2.
N ATO 0 2 . 2 .0 2 2. 0 2.
2 . 2 . 2 20 2 . 2 0
U A 2 . 22 . . . 2
0 . .0 0.2 . .
ON -1 . 2 . . . 0 .0 2. 2
2 2 2 20

rom these results we see that for most problems, the algorithm exhibits good scalability
properties as long as the problem size is signi cant relative to the number of processors used.
The reason is clear for a small number of processors the approximate Schur complement is
very small compared to the size of each of the diagonal blocks. ence, the sequential part
of the computation is very small relative to the parallel part, and good parallel efficiency is
achieved. When the number of processors grows, however, the relative size of the approximate
Schur complement quickly approaches and eventually surpasses the size of the diagonal blocks
which is decreasing , and the efficiency decreases. We have invariably observed that once the
approximate Schur complement size reaches that of the diagonal blocks, the total computational
time begins to increase rather than to decrease, signaling the fact that the process is now
dominated by the sequential part of the computation and by the communication. All this
holds for a xed problem size if we double the problem size each time we double the number
of processors, as is required in a scalability study, then the Schur complement can be kept
small relative to the diagonal blocks and a good parallel efficiency is retained. We observed
this in particular for a suite of problems of the K N-S A  type of order ranging between
approximately and , , using , , , , and processors, respectively. In this
sense, our algorithm appears to be perfectly scalable, provided of course that each processor
has enough work to do. In the case of matrix A , which is somewhat atypical, we see
virtually no improvement in the timing for computing the preconditioner when going from to
processors cf. Table . This is due to the fact that the approximate inverse is very sparse,
and the Schur complement computation dominates this phase of the solution process.

To better illustrate the behavior of our algorithm, we consider the A ST S problem in
more detail. In Table we report for several values of the number of nonzeros in the
approximate inverse factor , the number of nonzeros in the approximate inverse factor
of the Schur complement , the average order A of the diagonal block A , the number of
nodes in the separator set which is equal to the order of the approximate Schur complement ,
and the total solution time . It can be seen that the total solution time decreases as long as
A , and it increases as soon as A . This kind of behavior is typical.



Table  Additional results for A ST S.

2 2
0 2 02 0
2 2 2
0 2 2 2
2 00 2
2. 2.0

As already mentioned, we see that the rate of convergence number of iterations to converge
is not strongly affected by the number of processors used. In several cases, the number of
iterations tends to decrease with increasing , and so does the number of nonzeros in the

preconditioner. These considerations do not apply to A , for which we had to use different
values of the drop tolerance for = . The problem that exhibited the strongest sensitivity
to s NV- I | for which we observe some fairly strong uctuations of the number of

iterations for different values of . This is probably due to the fact that in some cases the
graph partitioning results in a decomposition of the computational grid into subdomains the
boundaries of which cut the convection streamlines. or this kind of problems, some sort of
weighted graph partitioning heuristic should be used.

oncerning the performance of our code, its ~ ops rate per processor is currently somewhat

disappointing, typically of the order of about ops processor. or comparison, the usual
routine for the product of two dense matrices runs at about ops on one
processor of the S 1 rigin . nfortunately, this low performance is not uncommon for

applications involving sparse, unstructured matrices. Better performance could be achieved by
using blocking, a technique that avoids indirect addressing in the innermost loop and allows for
in-cache data reuse. A blocked version of AINV has been implemented in  for use within a
quantum chemistry code, with excellent results. We plan to use a similar technique in a future
implementation of our method.

We conclude this section with a comment on diagonal acobi scaling, the simplest parallel
preconditioner. enerally speaking, AINV was found to be more robust than diagonal scaling,
especially for problems which are not S . Note that, for instance, diagonal scaling cannot
be applied to the A problem, which has zero entries on the main diagonal.  oreover,
because of the better rate of convergence obtained, AINV is usually faster, though the difference
between the two techniques can vary greatly depending on the problem. or a comparison on
both sequential and parallel computers between diagonal preconditioning and the standard
AINV algorithm on several nite difference and nite element matrices, see

oncu ion nd utur or

In this paper we have described a novel approach to parallel preconditioning for large, sparse
matrices with general sparsity patterns. A highly parallel, two-level algorithm is obtained
by combining graph partitioning with the AINV sparse approximate inverse technique. An
important feature of this method is that for most problems, the rate of convergence does
not deteriorate as the number of partitions processors increases furtermore, the number of
nonzeros in the preconditioner tends to decrease as the number of partitions increases. ood
parallel efficiency is observed provided that the problem size is sufficiently large relative to the



number of partitions. ur parallel code is being used to solve large linear systems from a variety
of applications, most of which involve unstructured grids. With this approach we have been able
to solve difficult problems which could not be solved by other techniques. nlike other algebraic
preconditioners, ours results in low set-up costs. We also stress that our preconditioner is easy
to use since it requires the input of a single user-de ned parameter the drop tolerance . ur
experience is that the code is fairly robust with respect to the choice of , and we recommend
= as the default value.

Among the issues that warrant further investigation we mention the possibility of improving
the local performance of the code by use of blocking, and the study of systematic solutions to
the problem of possible near breakdown of the local AINV processes.
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